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OUTLINE
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Motivation

• We’ve entered the stage of measuring the properties 
of the 125 GeV resonance more precisely

• Through a long-term experimental program we 
hope to find out more about the nature of this 
particle and EWSB

• Many extensions of the SM involve the Higgs 
mixing with another scalar

• These scenarios can be tested by measuring 
coupling deviations or by direct searches

• Focus on the scenario where no new particles are 
observed

3



Motivation

• Measuring 3-pt couplings inform us about the 
degree of mixing, other scalar’s contribution to 
EWSB and fermion coupling pattern

• Electroweak quantum numbers are not determined 
just by measuring the 3-pt couplings

• Easiest to see when the additional scalar does not 
contribute to EWSB or couple to fermions

• All couplings are modified by a common 
multiplicative factor that depends on the mixing 
angle
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Motivation

• When it does contribute to EWSB it is not possible in 
general to disentangle the mixing angle and the EW 
quantum numbers in the 3-pt couplings

•   hhVV  coupling depends on weak isospin and 
hypercharge and is accessible via electroweak-
initiated di-Higgs production

• Measuring these at the LHC is extremely hard 
(details to follow)

• We propose to extract them from cross sections of                                                                     
at the following processes at the proposed ILC
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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• These processes have been looked at in the past 
only to extract the Higgs self coupling (hhh)

• The two cross section measurements can be used 
to extract hhVV and hhh couplings simultaneously 

• Allows us to distinguish between models where 
the Higgs mixes with scalars with different EW 
quantum numbers

• So the main goal of this work is to make a case for 
doing this hard measurement at the ILC in order 
to find out more about the EW quantum numbers 
of the scalar the Higgs mixes with

Motivation
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Measuring Higgs Couplings - LHC

• At the LHC what we measure are signal strengths 
(production x Branching Ratio)
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Measuring Higgs Couplings - LHC

• Extracting Higgs couplings in a model independent way 
from the signal strength require global fits (too many 
parameters vs model dependence)
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Measuring Higgs Couplings - LHC

• Estimates for accuracy in Higgs coupling measurements 
with 300 inv fb of data  (end of this decade)

Figure 3: Estimates of the accuracy that can be achieved in Higgs coupling measurements
using a model-independent fit to LHC measurements with a 300 fb�1 data set, from [43].
The estimates are given as a fraction of the predicted Standard Model value for the Higgs
coupling constants. The indicated horizontal lines represent 5% deviations. For the invisible
Higgs decay, the quantity plotted is the square root of the branching fraction.

11

M. Peskin, arXiv : 1208.5152
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• hhVV and hhh couplings are hard to measure because 
the cross sections for di-Higgs production are small 

• At 14 TeV LHC                                                                    
pp -->h ~ 50 pb  (gluon fusion)                                         
pp --> h h ~ 20 fb   (gluon fusion)                                     
pp --> h h ~ 2 fb (VBF)

Measuring Higgs Couplings - LHC

A. Djouadi, W. Kilian, M. Muhlleitner and P. Zerwas, Eur. Phys. J. C10 (1999) 45
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• There are good reasons to do better even in 
channels that the LHC measures to  ~10% 
precision 

• A number of NP scenarios with a light Higgs and 
other particles (heavier than a TeV) can cause 
deviations smaller than that in one or more of the 
Higgs couplings  (decoupling limit)

• In the absence of any other particles being 
discovered at the LHC, measuring the Higgs 
couplings more precisely is crucial

• Measuring these couplings more precisely is one 
of the main physics reasons to build a linear 
collider like the proposed ILC

Building the ILC
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Advantages 

• e+ e- collisions have much smaller total cross 
sections (~100 nb as compared to ~100 mb) 

• No pile up or hadrons from underlying event

• Z and W bosons are recognized easily even in 
hadronic decay modes

• Absolute branching ratios of the Higgs can be 
measured as the Higgs can be tagged when it 
recoils against the Z boson in                       at 250 
GeV

• Combined with                                             at 250 
and 500 GeV gives the Higgs width to 6% 

�(e+e� ! ⌫⌫̄h ! bb̄)

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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LHC-ILC comparison

Figure 4: Estimates of the accuracy that can be achieved in Higgs coupling measurements
using a model-independent fit to LHC and ILC measurements, from [43]. The estimates are
shown as a fraction of the predicted Standard Model value for the Higgs coupling constants.
The indicated horizontal lines represent 5% deviations. For the invisible Higgs decay, the
quantity plotted is the square root of the branching fraction. The programs shown include
(left to right for each entry) LHC at 14 TeV and 300 fb�1, ILC at 250 GeV and 250 fb�1,
ILC at 500 GeV and 500 fb�1, ILC at 1000 GeV and 1000 fb�1.

17

M. Peskin, arXiv : 1208.5152LHC - 14 TeV , 300 inv. fb 
ILC1 - 250 GeV, 250 inv. fb
ILC - 500 GeV, 500 inv. fb
ILCTeV -  1 TeV, 1000 inv. fb
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Double Higgs production at ILC
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-
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TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.
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collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].

3

e�

e+

Z

Z

h

h

(a)

e�

e+

Z

Z

h

h

(b)

e�

e+

Z

Z

h
h

h

(c)

FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).

e�

e+

�̄e

�e

W

h

h

(a)

e�

e+

�̄e

�e

W

W

h

h

(b)

e�

e+

�̄e

�e

W

W

h

h

h

(c)

FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.11 fb 0.082 fb 0.041 fb

Doublet 1 0.14 fb 0.11 fb 0.027 fb

GM 1.32 0.19 fb 0.18 fb 0.090 fb

SM 1 0.16 fb 0.12 fb 0.071 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [20]) for the three benchmark mod-
els with a = 0.9. The SM cross sections are shown for com-
parison. Cross sections do not include any Z or h branching
ratios. In all cases we assume d = 1.

1000 GeV center-of-mass energy.
Our e↵ective theory does not include the contribu-

tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵erent
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a fit
using preliminary double-Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e� ! Zhh, with Z ! eē, µµ̄, ⌫⌫̄,

5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.

Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV, the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].

C. Mhh as a kinematic discriminant

The ILD collaboration has developed a method to
improve the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh of
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the model, the deviations could be as large as 100%, but also as low as 10%. It is a great challenge
to measure the Higgs self-coupling at the ILC, and it has been investigated by many groups over the
years [423, 424, 425, 426, 427, 428, 429].

At ILC, the measurement of the trilinear Higgs self-coupling can be carried out through two
leading processes shown in the Figure III-6.16: the Higgs-strahlung process e+e≠ æ Zhh and the
WW fusion process e+e≠ æ ‹‹̄hh [430, 431, 432, 433, 434]. cross sections of these two processes
are also shown in Figure III-6.16. The e+e≠ æ Zhh process has its maximum cross section at aroundÔ

s = 500 GeV and the WW fusion process becomes important at around
Ô

s = 1 TeV.
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Figure III-6.16. Left: The Feynman diagrams involving the trilinear Higgs self-coupling for the two processes:
e

+

e

≠ æ Zhh (top) and e

+

e

≠ æ ‹‹̄hh (bottom); Right: Cross section for these two processes as a function
of

Ô
s for mh=120 GeV. The blue dotted line shows the cross section for e

+

e

≠ æ ‹‹̄hh from the WW fusion
process alone, while the green dotted line shows the sum of the WW fusion contribution and the contribution from
e

+

e

≠ æ Zhh æ ‹‹̄hh.

In the absence of interfering diagrams, the relative uncertainty of the coupling of a given diagram
is half the relative uncertainty of the measured cross section. However, in both the Higgs-strahlung
and the WW fusion processes, there exist Feynman diagrams which have the same final state but
that are not related to the Higgs self-coupling. These diagrams largely degrade the sensitivity
of Higgs self-coupling to the cross section: For e+e≠ æ Zhh at 500 GeV, the relation becomes
”⁄/⁄ = 1.8 ”‡/‡, while for e+e≠ æ ‹‹̄hh at 1 TeV, it becomes ”⁄/⁄ = 0.85 ”‡/‡. This is illustrated
in the Figure III-6.17 were the relation between ‡ and and ⁄ is shown for the two cases. Recently, a
weighting method has been developed [435]. It gives events where the observed invariant mass of the
two Higgses is in the region where the self-coupling process is more important a higher weight and
events in a region depleted of the self-coupling process a lower one. As can be seen comparing the
slopes of the red and blue curves in Figure III-6.17, this method enhances the sensitivity of Higgs
self-coupling, so that the factors become 1.66 and 0.76, respectively.

Figure III-6.17
The sensitivity of the

Higgs self-coupling
for the two processes:
e

+

e

≠ æ Zhh (left) and
e

+

e

≠ æ ‹‹̄hh (right).
The red ones are with-
out weighting and the
blue ones are with the
optimal weighting de-
scribed in the reference
[435]. SMλ/λ
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Based on the full detector simulation of ILD (see sect. 5.4), a new analysis of e+e≠ æ Zhh at
500 GeV was performed considering all the decay modes of Z (¸+¸≠, ‹‹̄, and qq) and with both
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The Standard Model Higgs boson may be mixed with another scalar that does not couple singly
to gauge bosons or fermions. The electroweak quantum numbers of such an additional scalar can be
determined by measuring the quartic Higgs-Higgs-vector-vector couplings, which contribute—along
with the coveted triple Higgs coupling—to double Higgs production in e+e� collisions. We show
that simultaneous sensitivity to the quartic Higgs-Higgs-vector-vector coupling and the triple Higgs
coupling can be obtained using measurements of the double Higgs production cross section at two
di↵erent e+e� center-of-mass energies. Kinematic distributions of the two Higgs bosons in the final
state could provide additional discriminating power.

I. INTRODUCTION

Last year’s discovery at the CERN Large Hadron Col-
lider (LHC) of a new particle h [1] consistent with the
Higgs boson of the Standard Model (SM) marks the start
of a long-term experimental program of measurements of
Higgs properties. Through this program we hope to learn
the nature of the particle itself and understand the un-
derlying physics responsible for the breaking of the elec-
troweak symmetry.

Many extensions of the SM contain one or more addi-
tional scalar particles with which the SM Higgs can mix.
Such a scenario can be tested experimentally through
measurements of the couplings of the discovered Higgs-
like particle, which will be modified in general from their
expected SM values [2], as well as through direct searches
for the additional scalar particles.

In this paper we consider the scenario in which the
SM Higgs boson mixes with a scalar that does not con-
tribute to electroweak symmetry breaking, and thus does
not couple singly to W or Z boson pairs. To avoid strin-
gent experimental constraints on flavor-changing neutral
currents, such a scalar should not couple to quarks or
charged leptons either [3]. In this case, the couplings of
the discovered Higgs-like particle to a pair of SM fermions
or gauge bosons are all modified by a common multi-
plicative factor that depends on the mixing angle be-
tween the SM Higgs and the additional scalar. In partic-
ular, measurements of such couplings provide no infor-
mation about the electroweak quantum numbers of the
additional scalar.

Here we propose a strategy to determine the elec-
troweak quantum numbers of the additional scalar by
measuring the four-point coupling of a pair of W or Z
bosons to a pair of Higgs-like particles. This coupling
depends on the weak isospin and hypercharge of the ad-
ditional scalar through its mixing with the SM Higgs.
This coupling can be accessed experimentally in elec-
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troweak double Higgs production. We consider the pro-
cesses e+e� ! Zhh and e+e� ! ⌫⌫̄hh at the proposed
International Linear Collider (ILC) [4]. These processes
have been previously studied as a way to measure the
Higgs self-coupling at the ILC [5–7]. We show that the
four-point hhV V coupling and the Higgs self-coupling
can be simultaneously extracted using measurements of
the double Higgs production cross section at two di↵erent
e+e� collision energies. We also suggest a more sophis-
ticated extraction strategy using the dependence of the
two-Higgs invariant mass distribution on the two cou-
plings of interest.

This paper is organized as follows. In Sec. II we define
a formalism and derive the hhV V couplings for three
benchmark models. Sec. III contains our main results.
We conclude in Sec. IV.

II. COUPLINGS OF A MIXED HIGGS BOSON

The couplings of a Higgs-like scalar field h to SM par-
ticles can be parameterized by an e↵ective Lagrangian,

L � M2
V V ⇤

µ V µ


1 + aV

2h

v
+ bV

h2

v2

�
� mf f̄f


1 + cf

h

v

�

�1

2
M2

hh2


1 + d3

h

v
+ d4

h2

4v2

�
, (1)

where v = 246 GeV is the SM Higgs vacuum expectation
value (vev), V = W or Z, and the term involving ZµZµ

carries an extra symmetry factor 1/2 not shown above. In
the SM, the scaling parameters ai, bi, ci, di are all equal to
1. In general one can define a di↵erent scaling parameter
cf for each fermion. Models in which the custodial SU(2)
symmetry is violated can have (aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with a vevless scalar

We consider the case in which the SM doublet Higgs
boson � mixes with the real neutral state � of a general
electroweak multiplet X. For simplicity, we assume that
X does not acquire a vev (we discuss the more general
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Higgs boson of the Standard Model (SM) marks the start
of a long-term experimental program of measurements of
Higgs properties. Through this program we hope to learn
the nature of the particle itself and understand the un-
derlying physics responsible for the breaking of the elec-
troweak symmetry.

Many extensions of the SM contain one or more addi-
tional scalar particles with which the SM Higgs can mix.
Such a scenario can be tested experimentally through
measurements of the couplings of the discovered Higgs-
like particle, which will be modified in general from their
expected SM values [2], as well as through direct searches
for the additional scalar particles.

In this paper we consider the scenario in which the
SM Higgs boson mixes with a scalar that does not con-
tribute to electroweak symmetry breaking, and thus does
not couple singly to W or Z boson pairs. To avoid strin-
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currents, such a scalar should not couple to quarks or
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or gauge bosons are all modified by a common multi-
plicative factor that depends on the mixing angle be-
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ular, measurements of such couplings provide no infor-
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additional scalar.

Here we propose a strategy to determine the elec-
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cesses e+e� ! Zhh and e+e� ! ⌫⌫̄hh at the proposed
International Linear Collider (ILC) [4]. These processes
have been previously studied as a way to measure the
Higgs self-coupling at the ILC [5–7]. We show that the
four-point hhV V coupling and the Higgs self-coupling
can be simultaneously extracted using measurements of
the double Higgs production cross section at two di↵erent
e+e� collision energies. We also suggest a more sophis-
ticated extraction strategy using the dependence of the
two-Higgs invariant mass distribution on the two cou-
plings of interest.

This paper is organized as follows. In Sec. II we define
a formalism and derive the hhV V couplings for three
benchmark models. Sec. III contains our main results.
We conclude in Sec. IV.
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where v = 246 GeV is the SM Higgs vacuum expectation
value (vev), V = W or Z, and the term involving ZµZµ

carries an extra symmetry factor 1/2 not shown above. In
the SM, the scaling parameters ai, bi, ci, di are all equal to
1. In general one can define a di↵erent scaling parameter
cf for each fermion. Models in which the custodial SU(2)
symmetry is violated can have (aW , bW ) 6= (aZ , bZ).
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Many extensions of the SM contain one or more addi-
tional scalar particles with which the SM Higgs can mix.
Such a scenario can be tested experimentally through
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like particle, which will be modified in general from their
expected SM values [2], as well as through direct searches
for the additional scalar particles.

In this paper we consider the scenario in which the
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tribute to electroweak symmetry breaking, and thus does
not couple singly to W or Z boson pairs. To avoid strin-
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currents, such a scalar should not couple to quarks or
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or gauge bosons are all modified by a common multi-
plicative factor that depends on the mixing angle be-
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troweak double Higgs production. We consider the pro-
cesses e+e� ! Zhh and e+e� ! ⌫⌫̄hh at the proposed
International Linear Collider (ILC) [4]. These processes
have been previously studied as a way to measure the
Higgs self-coupling at the ILC [5–7]. We show that the
four-point hhV V coupling and the Higgs self-coupling
can be simultaneously extracted using measurements of
the double Higgs production cross section at two di↵erent
e+e� collision energies. We also suggest a more sophis-
ticated extraction strategy using the dependence of the
two-Higgs invariant mass distribution on the two cou-
plings of interest.

This paper is organized as follows. In Sec. II we define
a formalism and derive the hhV V couplings for three
benchmark models. Sec. III contains our main results.
We conclude in Sec. IV.
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where v = 246 GeV is the SM Higgs vacuum expectation
value (vev), V = W or Z, and the term involving ZµZµ

carries an extra symmetry factor 1/2 not shown above. In
the SM, the scaling parameters ai, bi, ci, di are all equal to
1. In general one can define a di↵erent scaling parameter
cf for each fermion. Models in which the custodial SU(2)
symmetry is violated can have (aW , bW ) 6= (aZ , bZ).
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I. INTRODUCTION

Last year’s discovery at the CERN Large Hadron Col-
lider (LHC) of a new particle h [1] consistent with the
Higgs boson of the Standard Model (SM) marks the start
of a long-term experimental program of measurements of
Higgs properties. Through this program we hope to learn
the nature of the particle itself and understand the un-
derlying physics responsible for the breaking of the elec-
troweak symmetry.

Many extensions of the SM contain one or more addi-
tional scalar particles with which the SM Higgs can mix.
Such a scenario can be tested experimentally through
measurements of the couplings of the discovered Higgs-
like particle, which will be modified in general from their
expected SM values [2], as well as through direct searches
for the additional scalar particles.

In this paper we consider the scenario in which the
SM Higgs boson mixes with a scalar that does not con-
tribute to electroweak symmetry breaking, and thus does
not couple singly to W or Z boson pairs. To avoid strin-
gent experimental constraints on flavor-changing neutral
currents, such a scalar should not couple to quarks or
charged leptons either [3]. In this case, the couplings of
the discovered Higgs-like particle to a pair of SM fermions
or gauge bosons are all modified by a common multi-
plicative factor that depends on the mixing angle be-
tween the SM Higgs and the additional scalar. In partic-
ular, measurements of such couplings provide no infor-
mation about the electroweak quantum numbers of the
additional scalar.

Here we propose a strategy to determine the elec-
troweak quantum numbers of the additional scalar by
measuring the four-point coupling of a pair of W or Z
bosons to a pair of Higgs-like particles. This coupling
depends on the weak isospin and hypercharge of the ad-
ditional scalar through its mixing with the SM Higgs.
This coupling can be accessed experimentally in elec-
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troweak double Higgs production. We consider the pro-
cesses e+e� ! Zhh and e+e� ! ⌫⌫̄hh at the proposed
International Linear Collider (ILC) [4]. These processes
have been previously studied as a way to measure the
Higgs self-coupling at the ILC [5–7]. We show that the
four-point hhV V coupling and the Higgs self-coupling
can be simultaneously extracted using measurements of
the double Higgs production cross section at two di↵erent
e+e� collision energies. We also suggest a more sophis-
ticated extraction strategy using the dependence of the
two-Higgs invariant mass distribution on the two cou-
plings of interest.

This paper is organized as follows. In Sec. II we define
a formalism and derive the hhV V couplings for three
benchmark models. Sec. III contains our main results.
We conclude in Sec. IV.
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where v = 246 GeV is the SM Higgs vacuum expectation
value (vev), V = W or Z, and the term involving ZµZµ

carries an extra symmetry factor 1/2 not shown above. In
the SM, the scaling parameters ai, bi, ci, di are all equal to
1. In general one can define a di↵erent scaling parameter
cf for each fermion. Models in which the custodial SU(2)
symmetry is violated can have (aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with a vevless scalar

We consider the case in which the SM doublet Higgs
boson � mixes with the real neutral state � of a general
electroweak multiplet X. For simplicity, we assume that
X does not acquire a vev (we discuss the more general
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I. INTRODUCTION

Last year’s discovery at the CERN Large Hadron Col-
lider (LHC) of a new particle h [1] consistent with the
Higgs boson of the Standard Model (SM) marks the start
of a long-term experimental program of measurements of
Higgs properties. Through this program we hope to learn
the nature of the particle itself and understand the un-
derlying physics responsible for the breaking of the elec-
troweak symmetry.

Many extensions of the SM contain one or more addi-
tional scalar particles that can mix with the SM Higgs bo-
son. Such scenarios can be tested experimentally through
measurements of the couplings of the discovered Higgs
boson, which will be modified in general from their ex-
pected SM values, as well as through direct searches for
the additional scalar particles. Measurements of the cou-
plings of such a mixed Higgs provide some information
about the degree of mixing between the SM Higgs and
the additional scalar and the additional scalar’s contribu-
tion to electroweak symmetry breaking. If the additional
scalar couples to charged fermions (this is possible only
for scalars that originate from an SU(2) doublet), cou-
pling measurements will also shed light on the fermion
coupling pattern.

Information about the electroweak quantum numbers
of the additional scalar, however, cannot generally be ob-
tained from measurements of the three-point couplings of
the discovered Higgs boson to pairs of fermions or gauge
bosons. This is easiest to see in the case that the addi-
tional scalar does not contribute to electroweak symme-
try breaking (we also assume that it does not couple to
fermions); in this case, the couplings of the discovered
Higgs boson to a pair of SM fermions or gauge bosons
are all modified by a common multiplicative factor that
depends on the mixing angle between the SM Higgs and
the additional scalar. Measurements of these couplings
provide no information about the electroweak quantum
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numbers of the additional scalar. Even if the additional
scalar does contribute to electroweak symmetry break-
ing, its electroweak quantum numbers cannot generally
be disentangled from mixing e↵ects in the three-point
couplings of the discovered Higgs boson.

In this paper we propose a strategy to determine the
electroweak quantum numbers of the additional scalar
by measuring the four-point coupling of a pair of W or
Z bosons to a pair of the discovered Higgs bosons. This
coupling depends on the weak isospin and hypercharge of
the additional scalar and can be accessed experimentally
in electroweak-initiated double Higgs production. We
consider the processes e+e� ! Zhh and e+e� ! ⌫⌫̄hh
at the proposed International Linear Collider (ILC) [2].
These processes have previously been studied as a way
to measure the Higgs self-coupling at the ILC [3–6]. We
show that the four-point hhV V coupling and the Higgs
self-coupling can be simultaneously extracted using mea-
surements of the double Higgs production cross section
at two di↵erent e+e� collision energies. We also suggest
a more sophisticated extraction strategy using the depen-
dence of the two-Higgs invariant mass distribution on the
two couplings of interest.

This paper is organized as follows. In Sec. II we define
a formalism and present the hhV V couplings for three
benchmark models. Section III contains our main results.
We conclude in Sec. IV. In the appendices we discuss
the situation in which the additional scalar contributes
to electroweak symmetry breaking and comment on the
experimental and theoretical constraints on our chosen
benchmark points.

II. COUPLINGS OF A MIXED HIGGS BOSON

The couplings of a Higgs-like scalar field h to SM par-
ticles can be parameterized by an e↵ective Lagrangian,

L � kV M2
V V ⇤
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
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vSM
+ bV

h2

v2SM

�
� mf f̄f
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1 + cf

h
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�

�1

2
M2

hh2


1 + d3

h

vSM
+ d4

h2

4v2SM

�
, (1)
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
g2

2
b�W gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)
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SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],
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The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by
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This relationship between b and a holds regardless of
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a,b,c,d are multiplicative factors by which the SM couplings 
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coupling modifications

•     - real neutral component of general electroweak multiplet X

• If it doesn’t couple to fermions or get a non-zero vev

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
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plings are given by
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III. MEASURING THE hhV V COUPLING
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bZ = cos2 ✓ + 4 sin2 ✓.
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).
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gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)
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where sin � = v�/vSM is the doublet vev in units of the
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4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].
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T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
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This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
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ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
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Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)
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single-h couplings to gauge bosons and fermions are then
given by
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In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
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Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].
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general have di↵erent scaling factors, models that pre-
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consider such models in what follows.
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SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],
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The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
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not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by
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In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
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forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
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symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].
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can be written down involving a scalar triplet [7].) In the latter
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symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
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ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
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Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
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� and a real singlet scalar s [11],
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The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by
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This relationship between b and a holds regardless of
whether the singlet carries a vev.
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then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
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b�V sin ✓ cos �, c =
cos ✓

sin �
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where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as
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�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
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where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
g2

2
b�W gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)
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given by
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In particular, measurements of these couplings tell us
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When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
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can be written down involving a scalar triplet [7].) In the latter
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symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
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from measurements of three-point Higgs couplings even
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This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)

• After mixing 

• X does not carry vev

• a or c determine the mixing angle, b can be used to 
determine the quantum numbers
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
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assume that the vev of X is zero) it does not couple
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where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
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Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],
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The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1
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Then the couplings bV are given by,
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1 and H00
1 ,
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and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2
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We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
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2 If only one of the two triplets were present, bW and bZ would
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].
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This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.
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Higgs boson h is a mixture of the SM doublet Higgs field
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The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by
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This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
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SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
g2

2
b�W gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)

• After mixing 

• X carries vev

• a, b and c determine mixing angle, vev of X and its 
electroweak quantum numbers 
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are
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where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)
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sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +
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3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
g2

2
b�W gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
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2
b�W gµ⌫ , ��ZµZ⌫ : i
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2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)

• After mixing 

• Models that preserve a custodial SU(2) have                   

•             is possible when T > 1/2
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are
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gµ⌫ ,

��ZµZ⌫ : i
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Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are
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2
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After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2
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4
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sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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benchmark models

• We will assume the benchmark models preserve custodial  
SU(2)

• Additional scalars do not couple to fermions to avoid 
constraints from FCNC

• Additional scalar(s) carry zero or small vev

• The models differ only in the value of b (a = 0.9, d = 1)
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benchmark models

• I  :  SM +  Real Singlet Scalar  (a= c = 0.9, b = .81,d =1)

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

• II :  SM +  Additional Doublet (a = 0.9, b = 1, d = 1)

      Type 1 2HDM where the doublet       has small vev 

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

(true irrespective of the 
singlet vev)

CP-conserving potential with
softly broken Z2 
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial

that can be formed using two Higgs doublets is given by

Vgen =m2
11Φ†

1Φ1 + m2
22Φ†

2Φ2 −
[

m2
12Φ†

1Φ2 + h.c.
]

+
1

2
λ1

(

Φ†
1Φ1

)2
+

1

2
λ2

(

Φ†
2Φ2

)2
+ λ3

(

Φ†
1Φ1

)(

Φ†
2Φ2

)

+ λ4

(

Φ†
1Φ2

)(

Φ†
2Φ1

)

+

{

1

2
λ5

(

Φ†
1Φ2

)2
+
[

λ6

(

Φ†
1Φ1

)

+ λ7

(

Φ†
2Φ2

)](

Φ†
1Φ2

)

+ h.c.

}

.

(1)

The parameters m2
11,m

2
22 and λ1−4 are real numbers (since the potential has to be real), whereas

the remaining parameters λ5−7 and m2
12 in general can be complex. Non-zero imaginary parts of

the complex parameters which cannot be removed by a rephasing transformation give rise to explicit
CP-violation in the Higgs sector. Since we are not going to treat CP-violating effects here, we assume
all parameters to be real in the following.

Since the potential given by eq. (1) is manifestly U(2)-invariant, values specified for the parameters
{m2

ij ,λi} can only have definite (physical) meaning when a particular basis is specified for the scalar
fields. Alternatively, one may reformulate the 2HDM using a fully basis-invariant language [4] (see
also [7] for a group theoretic analysis of the basis invariance). Since this formalism has so far been
sparingly applied in 2HDM phenomenology, we will maintain the notion of choosing a particular basis.
Expressed in terms of vacuum expectation values (vevs), a generic basis respecting the U(1)EM gauge
symmetry can be written as

〈Φ1〉 =
v√
2

(

0
cos β

)

〈Φ2〉 =
v√
2

(

0
eiξ sin β

)

,

where v = (
√

2GF )−1/2 ≈ 246 GeV. By convention 0 ≤ β ≤ π/2 is chosen. A non-zero phase ξ results
in a vacuum which breaks CP spontaneously. Since we do not aim to discuss CP-violating effects, we
take ξ = 0. Note that the value of tan β ≡ 〈Φ2〉 / 〈Φ1〉 at this point only determines one particular
choice of basis. Since the 2HDM potential is invariant under a change of this basis, tan β can not be
a physical parameter of the model in general. Within the set of CP-conserving bases defined above
there exists a special choice, called the Higgs basis, in which only one of the two doublets is assigned
a non-zero vev.

2.2 Electroweak symmetry breaking

The electroweak SU(2)×U(1) symmetry manifest in eq. (1) is spontaneously broken down to U(1)EM

by a negative eigenvalue of the scalar mass matrix m2
ij, causing at least one of the Higgs doublets to

develop a vev. In a basis where 0 < tan β < ∞, the two minimization conditions

m2
11 = m2

12 tan β −
1

2
v2
(

λ1 cos2 β + (λ3 + λ4 + λ5) sin2 β + 3λ6 sin β cos β + λ7 sin2 β tan β
)

, (2)
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22 = m2

12 cot β −
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(

λ2 sin2 β + (λ3 + λ4 + λ5) cos2 β + λ6 cos2 β cot β + 3λ7 sin β cos β
)

(3)

can be used to eliminate m2
11 and m2

22 from eq. (1). Similar equations for the minimum conditions,
not given here, exist for the Higgs basis. Eliminating m2

11 and m2
22 leaves eight real parameters in the

Higgs potential, not counting tan β and v.
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benchmark models

• I  :  SM +  Real Singlet Scalar  (a= c = 0.9, b = .81,d =1)

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

• II :  SM +  Additional Doublet (a = 0.9, b = 1, d = 1)

      Consider a Type 1 2HDM where the doublet       has 
small vev 
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are
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µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are
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µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):
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where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +
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3
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
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2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
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case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
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h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by
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where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are
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Note that while the hhWW and hhZZ couplings in gen-
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The couplings bV are then given by
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SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
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1 ,
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while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

(true irrespective of the 
singlet vev)

CP-conserving potential with
softly broken Z2 
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benchmark models

• III : Georgi-Machacek model   (a = 0.9, b = 1.32,d=1)

• Contains the SM doublet along with a complex triplet 
(Y=2) and a real triplet (Y=0)

• Together they can be arranged so as to preserve 
custodial SU(2)
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in this model, for any values of vX and T . This result remains true for a Higgs sector
consisting of any combination of multiplets X as long as 〈X〉 is invariant under SU(2)c for
each X.

In the SM, T = 1/2 giving C(r) = 1/2. The resulting W and Z masses are, using
vSM =

√
2vX = 246 GeV,

M2
W =

g2

4
v2
SM (E.24)

M2
Z =

g2 + g′2

4
v2
SM . (E.25)

E.3 The Georgi–Machacek model with Higgs triplets

In this section we review in detail a model with custodial SU(2) symmetry and
Higgs triplets. This model was first constructed by Georgi and Machacek [42]. It was
considered in greater depth by Chanowitz and Golden [43], who showed that a Higgs
potential for the model could be constructed that was invariant under the full SU(2)L ×
SU(2)R. This ensured that radiative corrections from Higgs self–interactions preserved
SU(2)c. A more detailed study of the phenomenology of the model [44] and naturalness
problems from one–loop effects [45] was made by Gunion, Vega, and Wudka. This model
is also reviewed in [11].

Notation and conventions

This model contains a complex Y = 1 doublet Φ = (φ+,φ0), a real Y = 0
triplet ξ = (ξ+, ξ0, ξ−) (with ξ0∗ = ξ0 and ξ− = −ξ+∗), and a complex Y = 2 triplet
χ = (χ++,χ+,χ0). In the SU(2)L × SU(2)R notation, the Higgs fields take the form

Φ =

(

φ0∗ φ+

−φ+∗ φ0

)

(E.26)

χ =







χ0∗ ξ+ χ++

−χ+∗ ξ0 χ+

χ++∗ ξ− χ0






(E.27)

which transform respectively as a (1/2, 1/2) and (1, 1) of SU(2)L×SU(2)R. This definition
differs slightly from that of references [42,44,45,11], which use χ = (χ++,χ+,χ0∗), so
that χ0∗ appears in place of χ0. Otherwise the phase conventions here are the same.
(References [42,44,45,11] define the negative–charged states φ− = −(φ+)∗, χ−− = (χ++)∗,
and χ− = −(χ+)∗. We avoid these definitions in order to avoid confusion when the
Georgi–Machacek model is extended to larger representations of SU(2)L × SU(2)R.)

• Note that each of those triplets taken individually 
with SM would violate custodial SU(2)

8

SU(2)-preserving scalar potential [19],

V =
µ2
2

2
Tr(�†�) +

µ2
3

2
Tr(X†X) + �1[Tr(�†�)]2

+�2Tr(�†�)Tr(X†X) + �3Tr(X†XX†X)

+�4[Tr(X†X)]2 � �5Tr(�†⌧a�⌧ b)Tr(X†taXtb)

+M1Tr(�†⌧a�⌧ b)(X)ab
+M2Tr(X†taXtb)(X)ab, (B4)

where the doublet and triplet fields are written as

� =

 
�0⇤ �+

��+⇤ �0

!
, X =

0

B@
�0⇤ ⇠+ �++

��+⇤ ⇠0 �+

�++⇤ �⇠+⇤ �0

1

CA .

(B5)
The potential in Eq. (B4) is identical to that studied in
Ref. [33] except for the addition of the last two terms
with coe�cients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X ! �X on the potential [14].

We find that obtaining cos ✓ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
M1 ⇠ �2400 GeV) and non-zero v� (e.g., v� ⇠ 30 GeV)
without requiring any large quartic scalar couplings.
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benchmark models

• For small  X vevs the following approximation 
can be made

• The model contains two custodial SU(2) singlets 
that can mix to produce the observed resonance

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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regardless of the vevs of the doublets and their couplings
to fermions.2

A custodial SU(2)-preserving model with triplets: The
Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way as to preserve custodial SU(2) symmetry.3

The model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓. (12)

The couplings bV of h are given by,4

bW = bZ ⌘ b = cos2 ✓ +
8

3
sin2 ✓. (13)

If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,

bW = bZ = a2 +
8

3
(1 � a2). (14)

This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at
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regardless of the vevs of the doublets and their couplings
to fermions.2

A custodial SU(2)-preserving model with triplets: The
Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way as to preserve custodial SU(2) symmetry.3

The model contains two singlets of custodial SU(2):
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�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,
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1 cos ✓ � H00
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The couplings bV of h are given by,4
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8

3
sin2 ✓. (13)

If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,
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This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at

• For a = 0.9 this yields b = 1.32
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Measuring the         Coupling

• Scenario : LHC + 250 GeV ILC data point to the 
Higgs mixing with another scalar that doesn’t 
couple singly to fermions and whose gauge 
boson couplings are negligible

2

case in which X carries a vev in Appendix A). The dis-
covered Higgs particle h is a linear combination of � and
�,

h = � cos ✓ � � sin ✓. (2)

The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by

a = cos ✓, c = cos ✓. (3)

The hhV V coupling, on the other hand, receives a contri-
bution from the ��V V couplings. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : ig2

T (T + 1) � Y 2

4

�
gµ⌫ ,

��ZµZ⌫ : i
g2

2c2W
Y 2gµ⌫ , (4)

where T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
to simplify the expressions for the real neutral state �.
For comparison, the Feynman rules for the SM Higgs
(T = 1/2, Y = 1) are

��W+
µ W�

µ : i
g2

2
gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
gµ⌫ . (5)

After mixing, the hhV V coupling scaling factors bV be-
come

bW = cos2 ✓ + 2


T (T + 1) � Y 2

4

�
sin2 ✓,

bZ = cos2 ✓ + Y 2 sin2 ✓. (6)

Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
8

3
sin2 ✓ = a2 +

8

3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

• The production rate would be scaled by a factor of 
0.81 but all the BRs would stay the same

• The 250 GeV ILC measurement of                                       

      would yield a to a precision of                                                 

      with 250 inv. fb of data (~ 3 yrs)
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covered Higgs particle h is a linear combination of � and
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The state � does not couple to fermions, and (since we
assume that the vev of X is zero) it does not couple
singly to V V . The single-h couplings to gauge bosons
and fermions are then simply given by
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The hhV V coupling, on the other hand, receives a contri-
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to simplify the expressions for the real neutral state �.
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Note that while the hhWW and hhZZ couplings in gen-
eral have di↵erent scaling factors, models that preserve
custodial SU(2) symmetry will have bW = bZ . Note also
that bV > 1 is possible when X has isospin T > 1/2.

B. Three benchmark models

SM mixed with a singlet. In this case the Higgs-like
particle h is a mixture of the SM doublet Higgs field �
and a real singlet scalar s [8],

h = � cos ✓ � s sin ✓. (7)

The couplings bV are then given by

bW = bZ = cos2 ✓ = a2. (8)

SM mixed with an inert doublet. In the Type-I
2HDM [9, 10], one doublet �1 is responsible for generat-
ing the masses of all the fermions and the other �2 does

not couple to fermions. Imagine the (fine-tuned) situ-
ation in which �2 carries zero vev, and the discovered
Higgs h is a mixture of the two real neutral states,1

h = �1 cos ✓ � �2 sin ✓. (9)

Then the couplings bV are given by,

bW = bZ = cos2 ✓ + sin2 ✓ = 1. (10)

A custodial SU(2)-preserving model with triplets. The
Georgi-Machacek (GM) model [11–13] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way to preserve custodial SU(2) symmetry. The
model contains two singlets of custodial SU(2):
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where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓, (12)

and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
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3
sin2 ✓ = a2 +
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3
(1 � a2). (13)

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
cos ✓ = sin(� � ↵).

2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.
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A custodial SU(2)-preserving model with triplets. The
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Higgs doublet together with two Higgs triplets—a com-
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and a real triplet with hypercharge Y = 0—arranged in
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and that the vacuum expectation values of the triplets
are zero (so that cH = 1 in the notation of Ref. [14]).
The couplings bV of h are then given by,2

bW = bZ = cos2 ✓ +
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We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [4], i.e., a deviation from
a = 1 with significance 7.8�.

1 In terms of the usual 2HDM notation, tan� ⌘ v1/v2 ! 1 and
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2 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓.

a = c = 0.9 

28



Double Higgs production at ILC
3

e�

e+

Z

Z

h

h

(a)

e�

e+

Z

Z

h

h

(b)

e�

e+

Z

Z

h
h

h

(c)

FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].

(500 GeV)

(1 TeV) 
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Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.11 fb 0.082 fb 0.041 fb

Doublet 1 0.14 fb 0.11 fb 0.027 fb

GM 1.32 0.19 fb 0.18 fb 0.090 fb

SM 1 0.16 fb 0.12 fb 0.071 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [20]) for the three benchmark mod-
els with a = 0.9. The SM cross sections are shown for com-
parison. Cross sections do not include any Z or h branching
ratios. In all cases we assume d = 1.

1000 GeV center-of-mass energy.
Our e↵ective theory does not include the contribu-

tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵erent
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a fit
using preliminary double-Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e� ! Zhh, with Z ! eē, µµ̄, ⌫⌫̄,

5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.

Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV, the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].

C. Mhh as a kinematic discriminant

The ILD collaboration has developed a method to
improve the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh of
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Double Higgs production at ILC

• We calculate the cross sections using CalcHEP 
and MG5 for di-higgs production for the SM and 
the three benchmark models assuming   a = 0.9 
and d = 1   (unpolarized beams)

• We choose our BM pts such that the additional 
heavy states are beyond the kinematic reach of 
the ILC and their contribution to the cross 
sections is negligible
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Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.11 fb 0.082 fb 0.041 fb

Doublet 1 0.14 fb 0.11 fb 0.027 fb

GM 1.32 0.19 fb 0.18 fb 0.090 fb

SM 1 0.16 fb 0.12 fb 0.071 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [20]) for the three benchmark mod-
els with a = 0.9. The SM cross sections are shown for com-
parison. Cross sections do not include any Z or h branching
ratios. In all cases we assume d = 1.

1000 GeV center-of-mass energy.
Our e↵ective theory does not include the contribu-

tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵erent
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a fit
using preliminary double-Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e� ! Zhh, with Z ! eē, µµ̄, ⌫⌫̄,

5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.

Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV, the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].

C. Mhh as a kinematic discriminant

The ILD collaboration has developed a method to
improve the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh of
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Extracting b and d

• The cross sections for the two processes depend 
differently on b and d

• This dependence also varies with the CoM energy
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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Extracting b and d

• Measurements of                           at 500 GeV         
and                             at 1 TeV can be used to fit for b  
and d

• We can compute the two cross sections in terms of 
our effective lagrangian for a =  0.9 while varying b 
and d 

• Next we can plot 68% and 95% CL chi sq plots for 
each Benchmark Model

�2(b, d) =
X

i=1,2

(�i(b, d)� �BM,i)2

��2
BM,i

3

e�

e+

Z

Z

h

h

(a)

e�

e+

Z

Z

h

h

(b)

e�

e+

Z

Z

h
h

h

(c)

FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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Extracting b and d

• We use cross section uncertainties from the ILC Large 
Detector Study for the ILC Detailed Baseline Design 
(DBD) Report

• These uncertainties are scaled appropriately for the 
Benchmark Models as their cross sections are different 
from the SM

�2(b, d) =
X

i=1,2

(�i(b, d)� �BM,i)2

��2
BM,i

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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Measuring b and d

• Account for different selection efficiencies for (Z--> v 
v) hh and  WBF at 1 TeV by scaling the Zhh process 
to get the relative efficiency of 11%

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production

• Beam Polarisation : P(e-,e+) : (-0.8, +0.3) at  500 GeV

      and (-0.8,0.2) at 1 TeV  , Int. Lum. = 2000 inv. fb
• Change in relative contribution of each feynman 

diagram due to kinematic cuts is beyond the scope 
of this work

34



Measuring b and d

• Relative uncertainty increases for Singlet and 
Doublet Benchmark model and decreases for GM as 
one would expect from the table of cross sections 4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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respectively) for the singlet (b = 0.81), doublet (b = 1) and
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C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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Fit Results

• GM model can be distinguished from singlet and 
doublet benchmarks at 68% CL  (chi sq. = 2.28)

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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Fit Results

• Overlap at 95% CL is minimal (chi sq. = 5.99)

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production

• Crescent shape due to WBF cross section not 
being monotonic in b
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Measuring b and d

• The DBD report assumed a Higgs mass of 120 
GeV and considered the channel where higgs 
decays to bottom quark pairs

• At 125 GeV this would reduce the cross sections 
by about 20%

• The lost precision can be regained by including 
the  

4

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.11 fb 0.082 fb 0.041 fb

Doublet 1 0.14 fb 0.11 fb 0.027 fb

GM 1.32 0.19 fb 0.18 fb 0.090 fb

SM 1 0.16 fb 0.12 fb 0.071 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [20]) for the three benchmark mod-
els with a = 0.9. The SM cross sections are shown for com-
parison. Cross sections do not include any Z or h branching
ratios. In all cases we assume d = 1.

1000 GeV center-of-mass energy.
Our e↵ective theory does not include the contribu-

tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵erent
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a fit
using preliminary double-Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e� ! Zhh, with Z ! eē, µµ̄, ⌫⌫̄,

5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.

Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV, the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].

C. Mhh as a kinematic discriminant

The ILD collaboration has developed a method to
improve the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh of 38



Mhh as Kinematic Discriminant (Zhh)

• ILD collaboration is exploring improving 
sensitivity to d by weighting events based 
on Mhh   

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).

e�

e+

�̄e

�e

W

h

h

(a)

e�

e+

�̄e

�e

W

W

h

h

(b)

e�

e+

�̄e

�e

W

W

h

h

h

(c)

FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].

3

e�

e+

Z

Z

h

h

(a)

e�

e+

Z

Z

h

h

(b)

e�

e+

Z

Z

h
h

h

(c)

FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).

e�

e+

�̄e

�e

W

h

h

(a)

e�

e+

�̄e

�e

W

W

h

h

(b)

e�

e+

�̄e

�e

W

W

h

h

h

(c)

FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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• Improves precision on d by 10% at 500 GeV 
and 1 TeV for the SM case (a = b = 1)   

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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• Method can be adapted to improve 
extraction of b and d

• Significant contribution from interference

• Contribution from (c) is higher at lower Mhh 

and from (b) has a broader Mhh dependence

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production

3

e�

e+

Z

Z

h

h

(a)

e�

e+

Z

Z

h

h

(b)

e�

e+

Z

Z

h
h

h

(c)

FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).

e�

e+

�̄e

�e

W

h

h

(a)

e�

e+

�̄e

�e

W

W

h

h

(b)

e�

e+

�̄e

�e

W

W

h

h

h

(c)

FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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• Contribution from d is highest at low Mhh 

and from b has a broader Mhh dependence

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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WBF at 1 TeV

• Benchmark Models differ just in value of b

• Dig. (b) and (c) interfere constructively 
leading to enhancement at lower Mhh for  
larger b values  (GM or Doublet model vs 
Singlet)
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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WBF at 1 TeV

• Dig. (a) and (b) interfere destructively  

• Leads to a flatter spectrum at 
intermediate Mhh for large b values 
(Doublet vs Singlet model)
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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fusion. We include the crossed version of diagram (a).

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using CalcHEP [15]
and checked our results using MadGraph [16]. In all cases
we set a = 0.9 and d3 ⌘ d = 1. The resulting values of
b in our three benchmark models are given in Table I,
along with the double-Higgs production cross sections.

The e↵ective theory that we use ignores the contri-
butions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, as well as processes involving single produc-
tion of the heavier custodial singlet H (decaying to hh)
present in all three of our benchmarks. For simplicity, we
assume that these states are heavy enough that their on-

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.109 fb 0.0815 fb 0.0411 fb

Doublet 1 0.136 fb 0.113 fb 0.0273 fb

GM 1.32 0.188 fb 0.183 fb 0.0901 fb

SM 1 0.157 fb 0.119 fb 0.0712 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [15]) for the three benchmark
models with a = 0.9. The SM cross sections are shown for
comparison. Cross sections do not include any Z or h branch-
ing ratios. In all cases we assume d = 1.

shell production is kinematically forbidden at the e+e�

collision energies that we use in our analysis. This re-
quires MH & 910 GeV (from e+e� ! ZH at 1 TeV) and
MH±,A0 & 875 GeV (from e+e� ! hA0). We discuss the
viability of this assumption in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

changes the double-Higgs production cross sections of in-
terest at our benchmark point by less than 3% for H±, A0

masses above 1 TeV.

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵er-
ent ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a
fit using preliminary double-Higgs production cross sec-
tion uncertainties from the ILC Large Detector (ILD)
study for the ILC Detailed Baseline Design Report [7].
At 500 GeV the process of interest is e+e� ! Zhh, with
Z ! eē, µµ̄, ⌫⌫̄, and qq̄. At 1 TeV the process of interest
is e+e� ! ⌫⌫̄hh, including contributions from WBF and
Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM as described
in Ref. [7] based on the number of signal events at our
benchmark points. We also take into account the di↵er-
ent selection e�ciencies for the Zhh and WBF processes
at 1 TeV by scaling our computed Zhh cross section to
obtain the same relative e�ciency quoted in Ref. [7].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the fit results for our three benchmark points
in Fig. 3. We find that the GM model with a = 0.9 can be
distinguished from the doublet and singlet models at 68%
confidence level, and that the overlap at 95% confidence
level is small. The doublet and singlet models cannot be
distinguished using event rates. The crescent shape of
the 95% confidence region for the GM model is caused
by the WBF cross section not being monotonic in b, as
can be seen from Table I.

Finally we note that the study in Ref. [7] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [20]. The lost precision could be recovered by in-
cluding hh ! WWbb̄ [21].
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Constraints on d from LHC

• Accessed via di-Higgs production through gluon 
fusion

• Depends on top Yukawa coupling as well as new 
particles in the gluon-fusion loop

of the Standard Model Lagrangian parameters, by:

↵1 = �yt ,

�1 = �1 = y2t , (2.2)

where � is the (normalized) Higgs triple coupling defined in the previous section
and yt is the Standard Model Htt̄ coupling (as defined after electroweak symmetry
breaking and assumed to be real) normalized to the SM value.1 In contrast, the
single Higgs cross section, again, schematically, will only contain the matrix element
squared |C(1)

tri |2.

g H

t

H

H

g

g H

t

H
g

Figure 1: The Higgs pair production diagrams contributing to the gluon fusion process

at LO are shown.

We have performed numerical fits using the results of the hpair program [45],
used to calculate the total cross section for Higgs boson pair production at lead-
ing and approximate next-to-leading (NLO) orders. The fits were done employing
MSTW2008lo68cl and MSTW2008nlo68cl parton density functions [46] and using
top and bottom quark masses of 174.0 GeV and 4.5 GeV respectively. We have
obtained:

�LO
HH = 5.15�2y2t � 25.1�y3t + 38.1y4t ,

�NLO
HH = 9.54�2y2t � 46.9�y3t + 71.6y4t . (2.3)

It is evident from Eqs. (2.1) and (2.3) that the Higgs pair production cross
section contains an interference term proportional to (�y3t ). Hence, for positive values
of (�y3t ) the cross section is reduced, whereas for negative values, it is enhanced. The
box squared term is dominant, and scales as y4t , whereas the triangle squared term is
subdominant due to the o↵-shell Higgs boson which then decays to the Higgs boson

1In the previous discussion, Eqs. (2.1) and (2.2), assume implicitly that the contribution from
bottom loops are neglible. In the SM case they contribute to the total cross section less than
0.2%. We have checked numerically that the variation of the bottom Yukawa coupling e↵ect on
each form factor is less than 1%. In the rest of this article we include the bottom loops in our
numerical calculations assuming that the bottom Yukawa coupling has the SM value. For the sake
of simplicitly we assume the validity of Eqs. (2.1) and (2.2) in what follows.

– 3 –

figs. from F. Goertz, A. Papaefstathiou, 
L.L.Yang,  J. Zurita [ arXiv : 1301.3492 ]
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Constraints on d from LHC

• di-Higgs production at LHC is not very sensitive 
to b (the hhVV coupling modification)

• d can be constrained to be +ve at 96% CL  using 
600 inv. fb at 14 TeV LHC     

• With 3000 inv. fb the  1 sigma uncertainty is 
reduced to +30% and -20%

• The study assumed c = 1 and no new particles in 
the loop

• A joint analysis from LHC and ILC data can thus 
be used to constrain b, d and new colored particles 
or higher-dimensional operators

F. Goertz et al. [arXiv : 1301.3492]
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Caveats/Viability of Benchmark Models & Methodology
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Double Higgs production at ILC
• The approach we used to calculate di-Higgs rates doesn’t 

account for contribution from t- and u-channel exchange of 
SU(2) triplet states in the doublet and GM model

• Doesn’t include H -> h h where H is the heavier custodial 
singlet

• We assume these states are heavy enough to be kinematically 
forbidden at the 1 TeV ILC

e+e� ! Z(H ! hh)

e+e� ! h(A0 ! Zh)

 For the Doublet case including these states increases the di-
Higgs cross section by a few % for                

4

Model b �500(Zhh) �1000(Zhh) �1000(WBF)

Singlet 0.81 0.11 fb 0.082 fb 0.041 fb

Doublet 1 0.14 fb 0.11 fb 0.027 fb

GM 1.32 0.19 fb 0.18 fb 0.090 fb

SM 1 0.16 fb 0.12 fb 0.071 fb

TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [20]) for the three benchmark mod-
els with a = 0.9. The SM cross sections are shown for com-
parison. Cross sections do not include any Z or h branching
ratios. In all cases we assume d = 1.

1000 GeV center-of-mass energy.
Our e↵ective theory does not include the contribu-

tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵erent
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a fit
using preliminary double-Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e� ! Zhh, with Z ! eē, µµ̄, ⌫⌫̄,

5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.

Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV, the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].
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SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5
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sections on b and d varies with center-of-mass energy and
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5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
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ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
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Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
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is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].
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ratios. In all cases we assume d = 1.

1000 GeV center-of-mass energy.
Our e↵ective theory does not include the contribu-

tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e� collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e� ! ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e� ! hA0), and MH± &
500 GeV (from e+e� ! H+H�). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.

We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0

with masses above these thresholds does not significantly
change the double-Higgs production cross sections of in-
terest.5

B. Extracting b and d from event rates

The dependence of the double-Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double-Higgs production cross section at two di↵erent
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e� ! Zh). We perform such a fit
using preliminary double-Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e� ! Zhh, with Z ! eē, µµ̄, ⌫⌫̄,

5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases �500(Zhh) by less than 1%,
�1000(WBF) by about 1.5%, and �1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ⌫⌫hh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in �1000(Zhh) increases the total signal rate by less than 1%.

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.

and qq̄. At 1 TeV the process of interest is e+e� ! ⌫⌫̄hh,
including contributions from WBF and Z(! ⌫⌫̄)hh.

Because the signal rates for our benchmark points are
di↵erent than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the di↵erent selection e�cien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative e�ciency quoted in Ref. [6].

The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the e↵ect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.

We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.

Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb̄.
At 125 GeV, the Higgs decay branching fraction to bb̄
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh ! WWbb̄ [23].

C. Mhh as a kinematic discriminant

The ILD collaboration has developed a method to
improve the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh of

48



Unitarity Constraints on Heavy States
• We cannot assume the heavier states to be 

arbitrarily heavy

• This is because in the presence of Higgs coupling 
deviations we need contributions from NP to 
ensure perturbative unitarity

•   

•   

• We calculate these amplitudes at tree level and 
impose the following condition on the zeroth 
partial wave amplitude
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distribution for the SM and our three benchmark points.

at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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Appendix A

*** discussion of the extra multiplet’s contribution to
the W mass being zero

Appendix B

*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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Appendix B

*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on

|Re(a0)| 
1

2
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• Clearly the t- and u-channel exchange is required 
to restore unitarity when 
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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K. Moats for useful discussions. K.K. and H.E.L. were
supported by the Natural Sciences and Engineering Re-
search Council of Canada.

Appendix A

*** discussion of the extra multiplet’s contribution to
the W mass being zero

Appendix B

*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
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An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]
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where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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h, m2

W compared
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]
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singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]
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where again we neglect terms of order m2
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W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.
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In this paper we argued that a direct measurement of
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ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
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as a discriminant. Furthermore, LHC measurements of
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troweak symmetry breaking yield a 6= c, which can be
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type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
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tional information from kinematic discriminants and/or

LHC measurements would be needed.

ACKNOWLEDGMENTS

We thank K. Hartling for collaboration on the Georgi-
Machacek model and T. Grégoire, P. Kalyniak and
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processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.
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angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
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broken Z2 symmetry (corresponding to m2
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�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
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cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
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the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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Appendix B

*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
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singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]
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where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on

a=0.9

Coefficients are different because the triplet states in these models 
have different EW quantum numbers

Including SU(2) triplet state                contributions we get
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
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are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
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An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6
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where we neglect terms of order m2
h and m2
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to 4⇡v2SM and take a = 0.9. Perturbative unitarity
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resonant H0 ! hh contributions are beyond the kine-
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H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]
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W and take a = 0.9. Here the di↵erent coe�cients
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todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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FIG. 5. Di↵erential cross section as a function of Mhh for
the WBF process e+e� ! ⌫⌫̄hh at 1 TeV. Shown are the
distribution for the SM and our three benchmark points.

at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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Appendix A

*** discussion of the extra multiplet’s contribution to
the W mass being zero

Appendix B

*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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• Benchmark Models assumed Higgs mixing with a 
scalar that doesn’t participate in EWSB or break 
custodial SU(2)

• There are well motivated models for which these 
assumptions do not hold

• If new scalar participates in EWSB then 

• This can be determined from the high precision 
measurements of single Higgs couplings at the 
ILC
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FIG. 5. Di↵erential cross section as a function of Mhh for
the WBF process e+e� ! ⌫⌫̄hh at 1 TeV. Shown are the
distribution for the SM and our three benchmark points.

at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]
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perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]
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where again we neglect terms of order m2
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W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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the W mass being zero
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benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]
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the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
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• The extraction of b and d is not affected 

• What changes is the interpretation of a and c

•  a and c can be used to extract the mixing angle 
and scalar vevs for an assumption of EW 
quantum numbers

• this leads to a prediction of b for the chosen model
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at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.
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In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or
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where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
g2

2
b�W gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)
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e↵ective operators induced by such new particles [25], or
a direct tt̄hh coupling that can arise in composite-Higgs
models [26]. Nevertheless, double Higgs production at
the LHC is insensitive to the hhV V coupling, and can
thus be used to constrain d independently of this cou-
pling.

A recent phenomenological analysis [27] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would thus allow simultaneous constraints to
be placed on b, d, and contributions from new colored
particles or higher-dimensional operators.

IV. CONCLUSIONS

Direct measurement of the hhV V coupling will be of
great interest if measurements of the couplings of the
recently-discovered Higgs boson to SM particles reveal
a deviation from the SM expectation. The hhV V cou-
pling can be accessed through double Higgs production in
e+e� collisions. In this paper we showed that separating
the hhV V coupling from the triple-Higgs coupling can
be accomplished using rate measurements at two di↵er-
ent center-of-mass energies. Additional sensitivity could
be obtained by using the two-Higgs invariant mass as a
discriminant. Furthermore, LHC measurements of dou-
ble Higgs production in gluon fusion are insensitive to
the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs pre-
serve the custodial SU(2) symmetry. This assumption
is violated by a number of well-motivated models. New
scalar(s) that violate custodial SU(2) symmetry, such as
the complex triplet in the type-2 seesaw mechanism for
neutrino masses [7], yield bW 6= bZ . In this case, two rate
measurements are insu�cient to simultaneously extract
bW , bZ , and d, and additional information from kine-
matic discriminants and/or LHC measurements would be
needed.
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Appendix A: Mixing with a vev-carrying scalar

Given a model-independent measurement of a, the ex-
traction of b and d from double Higgs production mea-
surements described in this paper does not depend on any
assumptions about the vev of X. Such an assumption en-
ters only in the interpretation of the measurements of a
and b in terms of the electroweak quantum numbers of
X when X is not a doublet or singlet. The vev depen-
dence enters through the extraction of the �–� mixing
angle ✓ from the measurement of a. Here we show that
this mixing angle can still be extracted by taking advan-
tage of the measurement of the fermion coupling c in the
case that the vev of X is nonzero. The assumption that
X does not couple to fermions is satisfied automatically
when X is not a doublet.

The real neutral state � couples to W pairs and the
vev of its parent multiplet contributes to the W mass via
the Lagrangian term

L � g2

4
b�W (v� + �)2WµWµ, (A1)

where b�W is given in Eq. (5), and similarly for the cou-
plings and mass of the Z. The hV V couplings aV can
then be written as

aV = cos ✓ v� � b�V sin ✓ v�. (A2)

The mass of the W imposes the additional constraint

v2� + b�W v2� = v2SM, (A3)

and similarly for the Z mass (we assume ⇢ ' 1). From
this we define

sin � =
v�

vSM
, cos � =

s

1 �
v2�

v2SM
=

q
b�W

v�
vSM

.

(A4)
The hV V couplings can then be re-expressed as

aV = cos ✓ sin � �
q

b�V sin ✓ cos �. (A5)

Because an electroweak multiplet larger than a doublet
cannot couple to charged fermions at tree level, only the
SM doublet � contributes to fermion masses. The cou-
pling of the mass eigenstate h to fermions is then given
by

c =
cos ✓

v�/vSM
=

cos ✓

sin �
. (A6)

Note that when v� = 0, we recover c = a = cos ✓. For v�
nonzero, we can solve for cos ✓ in terms of the observables
a and c, given a model assumption for b�V . The resulting
expression for cos ✓ can then be inserted into Eq. (7) for
bV , yielding a prediction for the chosen model.
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   SM + Doublet

• enforces fermion coupling structure

3

regardless of the vevs of the doublets and their couplings
to fermions.2

A custodial SU(2)-preserving model with triplets: The
Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way as to preserve custodial SU(2) symmetry.3

The model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓. (12)

The couplings bV of h are given by,4

bW = bZ ⌘ b = cos2 ✓ +
8

3
sin2 ✓. (13)

If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,

bW = bZ = a2 +
8

3
(1 � a2). (14)

This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at
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regardless of the vevs of the doublets and their couplings
to fermions.2

A custodial SU(2)-preserving model with triplets: The
Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way as to preserve custodial SU(2) symmetry.3

The model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓. (12)

The couplings bV of h are given by,4

bW = bZ ⌘ b = cos2 ✓ +
8

3
sin2 ✓. (13)

If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,

bW = bZ = a2 +
8

3
(1 � a2). (14)

This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at
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cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,
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✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
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triplet vev is given in Appendix A.
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from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
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bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at
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Higgs doublet together with two Higgs triplets—a com-
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If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,

bW = bZ = a2 +
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(1 � a2). (14)

This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at
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Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
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The couplings bV of h are given by,4
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If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,
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This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
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bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at

• additional doublet zero vev
• Requires a theory of flavor to explain absence of FC 

neutral Higgs couplings

2

where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZµ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a di↵er-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
� mixes with the real neutral state � of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of � and �,

h = � cos ✓ � � sin ✓. (2)

This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most di�cult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by

aW = aZ ⌘ a = cos ✓, cf ⌘ c = cos ✓. (3)

In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.

When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of � to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff̄
couplings become (see Appendix A for details)

aV = cos ✓ sin � �
q

b�V sin ✓ cos �, c =
cos ✓

sin �
, (4)

where sin � = v�/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b�V as

b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)

Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.

B. hhV V coupling

The hhV V coupling receives contributions from both
the ��V V and ��V V couplings. These couplings are in-
dependent of the vevs of � and X. The relevant Feynman
rules in the electroweak basis are

��W+
µ W�

⌫ : i
g2

2
b�W gµ⌫ , ��ZµZ⌫ : i

g2

2c2W
b�Zgµ⌫ , (6)

where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)

2

where vSM = 246 GeV is the SM Higgs vacuum expecta-
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which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).

A. SM Higgs mixed with an additional scalar

We consider the case in which the SM Higgs boson
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q
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sin �
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b�W = 2


T (T + 1) � Y 2

4

�
, b�Z = Y 2. (5)
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the multiplet X and we have used Q = T 3 + Y/2 = 0

1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].

to simplify the expressions for the real neutral state �.
In this notation, the couplings of the SM Higgs � (with
T = 1/2, Y = 1) are b�W = b�Z = 1.

Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, b�V , cos ✓,
and sin �. The parameter b�V thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.
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the ��V V and ��V V couplings. These couplings are in-
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where b�V are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV

become

bV = cos2 ✓ + b�V sin2 ✓. (7)

This coupling depends only on the mixing angle ✓ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.

Note that while the hhWW and hhZZ couplings in
general have di↵erent scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.

C. Three benchmark models

SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
� and a real singlet scalar s [11],

h = � cos ✓ � s sin ✓. (8)

The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos ✓. The couplings bV are then
given by

bW = bZ ⌘ b = cos2 ✓ = a2. (9)

This relationship between b and a holds regardless of
whether the singlet carries a vev.

SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by

bW = bZ ⌘ b = 1, (10)

sin� = v1/vSM

tan�0 =
v2
v1

cos ✓ = sin(�0 � ↵)
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• Can we get the mixing we require for each of our 
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FIG. 1: We show above the area in the s2h � mH plane
allowed by electroweak precision tests at the 90% CL in the
presence of a mixed-in singlet Higgs boson. We also show
the detectability curve (solid line) above which the scalar H
is detectable with 100 fb�1 data at the 14 TeV LHC. The
maximum allowed s2h-value that can both evade detection and
be consistent with precision electroweak constraints is thus
given by the intersection of the two lines and is s2h = 0.12.

lagrangian contains higher dimensional operators involv-
ing SM fields that supplement the SM lagrangian. It is
characterized by two independent parameters: the mass
of the new resonances m⇢ and their coupling g⇢. The
decay constant f , which is analogous to the pion decay
constant f⇡, is given by,

m⇢ = g⇢f (7)

where g⇢  4⇡.
Here we do not list all the operators in the SILH la-

grangian but only those relevant to us, i.e those that
a↵ect the Higgs couplings in the leading order or those
that constrain m⇢,

LSILH =
cH
2f2

@µ(H†
SMHSM )@µ(H

†
SMHSM )

+
cyyf
f2

H†
SMHSM f̄LHSMfR

+
cSgg

0

4m2

⇢

(H†
SM�IHSM )Bµ⌫W

Iµ⌫ + h.c...(8)

where yf is the Yukawa coupling of fermion f to the
Higgs boson, g and g0 are the SU(2) and the U(1) gauge
couplings, and �I the Pauli matrices. HSM , fL, fR,
Bµ⌫ and W Iµ⌫ denote the Higgs doublet, the left-handed
and right-handed fermion fields and the U(1) and SU(2)
gauge field strength, respectively. The coe�cients of the
above operators have been estimated using Naive Dimen-
sional Analysis (NDA) [19, 20] such that the couplings
cH , cy and cS are expected to be O(1) numbers. Note
that the operator with the coupling cS does not appear
in the list in Ref. [19] as a di↵erent basis has been used
in Ref. [19]. The coupling cS is a linear combination of
the couplings cW and cB in Ref. [19]. The operators with

coe�cients cH and cy lead to the leading deviations in
Higgs couplings with respect to the SM,

�gV
gSM
V

= �cH⇠/2 + . . . (9)

�gf
gSM
f

= �cH⇠/2� cy⇠ + . . . (10)

�gg
gSM
g

= �cH⇠/2� cy⇠ + . . . (11)

�g�
gSM
�

= �cH⇠/2� cy⇠

1 + J�(m2

H)/I�(m2

H)
+ . . .

= �cH⇠/2 + 0.3 cy⇠ + . . . (12)

where ⇠ = v2/f2 = g2⇢v
2/m2

⇢ and gV , gf , gg and g� are
the Higgs couplings to gauge bosons, fermions, gluons
and photons, respectively. �gX denotes the di↵erence
between the coupling gX and gSM

X with X = V, f, g, �
where gSM

g and gSM
� are loop-induced couplings. The

vacuum expectation value v is v ' 246 GeV. We have
kept terms only up to first order in ⇠. In the last equa-
tion, I� and J� are functions related to the top and
W -loops in h�� diagrams whose explicit forms can be
found in Ref. [19]. In the second line of the same equa-
tion we have substituted the values of I� and J� taking
mh = 125 GeV. For phenomenologically relevant cases
it has been shown in Ref. [22] that cH is always posi-
tive (an exception are models in the presence of a doubly
charged scalar field) so that this operator always leads to
suppression of composite Higgs couplings with respect to
the SM. Note that for the hgg and h�� couplings (i.e
gg and g�), the respective contributions from the op-

erators, (HSM
†HSM )GIµ⌫GI

µ⌫ and (H†
SMHSM )Fµ⌫Fµ⌫ ,

GIµ⌫ and Fµ⌫ being the gluon and the photon field
strength, are sub-dominant, as they are suppressed re-
spectively by y2t /g

2

⇢ and g2/g2⇢ factors [19].

Now let us look at existing constraints and future LHC
reach for the above parameters. The coupling cS/m

2

⇢

above is proportional to the precision electroweak pa-
rameter S. From the constraints on the S-parameter, we
can derive the following constraint on m⇢ [19],

m⇢ & 3 TeV. (13)

Note that the constraint from the T -parameter is more
severe but this is avoided by imposing custodial symme-
try in specific composite Higgs models. There is another
contribution to precision observables due to the fact that
the cancellation of divergences between the Higgs and
gauge boson contributions that takes place in the SM, no
longer occurs for a composite Higgs boson with reduced
couplings to the gauge bosons. This leads to logarithmi-
cally divergent contribution to precision observables [23].
The constraint due to this e↵ect has been evaluated in
Fig.1.14 in Ref. [21] at the 99% CL. At 90% CL the same
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FIG. 1: We show above the area in the s2h � mH plane
allowed by electroweak precision tests at the 90% CL in the
presence of a mixed-in singlet Higgs boson. We also show
the detectability curve (solid line) above which the scalar H
is detectable with 100 fb�1 data at the 14 TeV LHC. The
maximum allowed s2h-value that can both evade detection and
be consistent with precision electroweak constraints is thus
given by the intersection of the two lines and is s2h = 0.12.

lagrangian contains higher dimensional operators involv-
ing SM fields that supplement the SM lagrangian. It is
characterized by two independent parameters: the mass
of the new resonances m⇢ and their coupling g⇢. The
decay constant f , which is analogous to the pion decay
constant f⇡, is given by,

m⇢ = g⇢f (7)

where g⇢  4⇡.
Here we do not list all the operators in the SILH la-

grangian but only those relevant to us, i.e those that
a↵ect the Higgs couplings in the leading order or those
that constrain m⇢,

LSILH =
cH
2f2

@µ(H†
SMHSM )@µ(H

†
SMHSM )

+
cyyf
f2

H†
SMHSM f̄LHSMfR

+
cSgg

0

4m2

⇢

(H†
SM�IHSM )Bµ⌫W

Iµ⌫ + h.c...(8)

where yf is the Yukawa coupling of fermion f to the
Higgs boson, g and g0 are the SU(2) and the U(1) gauge
couplings, and �I the Pauli matrices. HSM , fL, fR,
Bµ⌫ and W Iµ⌫ denote the Higgs doublet, the left-handed
and right-handed fermion fields and the U(1) and SU(2)
gauge field strength, respectively. The coe�cients of the
above operators have been estimated using Naive Dimen-
sional Analysis (NDA) [19, 20] such that the couplings
cH , cy and cS are expected to be O(1) numbers. Note
that the operator with the coupling cS does not appear
in the list in Ref. [19] as a di↵erent basis has been used
in Ref. [19]. The coupling cS is a linear combination of
the couplings cW and cB in Ref. [19]. The operators with

coe�cients cH and cy lead to the leading deviations in
Higgs couplings with respect to the SM,

�gV
gSM
V

= �cH⇠/2 + . . . (9)

�gf
gSM
f

= �cH⇠/2� cy⇠ + . . . (10)

�gg
gSM
g

= �cH⇠/2� cy⇠ + . . . (11)

�g�
gSM
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= �cH⇠/2� cy⇠

1 + J�(m2

H)/I�(m2

H)
+ . . .

= �cH⇠/2 + 0.3 cy⇠ + . . . (12)

where ⇠ = v2/f2 = g2⇢v
2/m2

⇢ and gV , gf , gg and g� are
the Higgs couplings to gauge bosons, fermions, gluons
and photons, respectively. �gX denotes the di↵erence
between the coupling gX and gSM

X with X = V, f, g, �
where gSM

g and gSM
� are loop-induced couplings. The

vacuum expectation value v is v ' 246 GeV. We have
kept terms only up to first order in ⇠. In the last equa-
tion, I� and J� are functions related to the top and
W -loops in h�� diagrams whose explicit forms can be
found in Ref. [19]. In the second line of the same equa-
tion we have substituted the values of I� and J� taking
mh = 125 GeV. For phenomenologically relevant cases
it has been shown in Ref. [22] that cH is always posi-
tive (an exception are models in the presence of a doubly
charged scalar field) so that this operator always leads to
suppression of composite Higgs couplings with respect to
the SM. Note that for the hgg and h�� couplings (i.e
gg and g�), the respective contributions from the op-

erators, (HSM
†HSM )GIµ⌫GI

µ⌫ and (H†
SMHSM )Fµ⌫Fµ⌫ ,

GIµ⌫ and Fµ⌫ being the gluon and the photon field
strength, are sub-dominant, as they are suppressed re-
spectively by y2t /g

2

⇢ and g2/g2⇢ factors [19].

Now let us look at existing constraints and future LHC
reach for the above parameters. The coupling cS/m

2

⇢

above is proportional to the precision electroweak pa-
rameter S. From the constraints on the S-parameter, we
can derive the following constraint on m⇢ [19],

m⇢ & 3 TeV. (13)

Note that the constraint from the T -parameter is more
severe but this is avoided by imposing custodial symme-
try in specific composite Higgs models. There is another
contribution to precision observables due to the fact that
the cancellation of divergences between the Higgs and
gauge boson contributions that takes place in the SM, no
longer occurs for a composite Higgs boson with reduced
couplings to the gauge bosons. This leads to logarithmi-
cally divergent contribution to precision observables [23].
The constraint due to this e↵ect has been evaluated in
Fig.1.14 in Ref. [21] at the 99% CL. At 90% CL the same
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial

• For most of the heavy scalar mass range (910 - 1790 
GeV)
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good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
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with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6
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the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
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at the high end of the Mhh distribution, which could po-
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required in order to restore perturbative unitarity of the
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for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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FIG. 1: We show above the area in the s2h � mH plane
allowed by electroweak precision tests at the 90% CL in the
presence of a mixed-in singlet Higgs boson. We also show
the detectability curve (solid line) above which the scalar H
is detectable with 100 fb�1 data at the 14 TeV LHC. The
maximum allowed s2h-value that can both evade detection and
be consistent with precision electroweak constraints is thus
given by the intersection of the two lines and is s2h = 0.12.

lagrangian contains higher dimensional operators involv-
ing SM fields that supplement the SM lagrangian. It is
characterized by two independent parameters: the mass
of the new resonances m⇢ and their coupling g⇢. The
decay constant f , which is analogous to the pion decay
constant f⇡, is given by,

m⇢ = g⇢f (7)

where g⇢  4⇡.
Here we do not list all the operators in the SILH la-

grangian but only those relevant to us, i.e those that
a↵ect the Higgs couplings in the leading order or those
that constrain m⇢,

LSILH =
cH
2f2

@µ(H†
SMHSM )@µ(H

†
SMHSM )

+
cyyf
f2

H†
SMHSM f̄LHSMfR

+
cSgg

0

4m2

⇢

(H†
SM�IHSM )Bµ⌫W

Iµ⌫ + h.c...(8)

where yf is the Yukawa coupling of fermion f to the
Higgs boson, g and g0 are the SU(2) and the U(1) gauge
couplings, and �I the Pauli matrices. HSM , fL, fR,
Bµ⌫ and W Iµ⌫ denote the Higgs doublet, the left-handed
and right-handed fermion fields and the U(1) and SU(2)
gauge field strength, respectively. The coe�cients of the
above operators have been estimated using Naive Dimen-
sional Analysis (NDA) [19, 20] such that the couplings
cH , cy and cS are expected to be O(1) numbers. Note
that the operator with the coupling cS does not appear
in the list in Ref. [19] as a di↵erent basis has been used
in Ref. [19]. The coupling cS is a linear combination of
the couplings cW and cB in Ref. [19]. The operators with

coe�cients cH and cy lead to the leading deviations in
Higgs couplings with respect to the SM,

�gV
gSM
V

= �cH⇠/2 + . . . (9)

�gf
gSM
f

= �cH⇠/2� cy⇠ + . . . (10)

�gg
gSM
g

= �cH⇠/2� cy⇠ + . . . (11)

�g�
gSM
�

= �cH⇠/2� cy⇠

1 + J�(m2

H)/I�(m2

H)
+ . . .

= �cH⇠/2 + 0.3 cy⇠ + . . . (12)

where ⇠ = v2/f2 = g2⇢v
2/m2

⇢ and gV , gf , gg and g� are
the Higgs couplings to gauge bosons, fermions, gluons
and photons, respectively. �gX denotes the di↵erence
between the coupling gX and gSM

X with X = V, f, g, �
where gSM

g and gSM
� are loop-induced couplings. The

vacuum expectation value v is v ' 246 GeV. We have
kept terms only up to first order in ⇠. In the last equa-
tion, I� and J� are functions related to the top and
W -loops in h�� diagrams whose explicit forms can be
found in Ref. [19]. In the second line of the same equa-
tion we have substituted the values of I� and J� taking
mh = 125 GeV. For phenomenologically relevant cases
it has been shown in Ref. [22] that cH is always posi-
tive (an exception are models in the presence of a doubly
charged scalar field) so that this operator always leads to
suppression of composite Higgs couplings with respect to
the SM. Note that for the hgg and h�� couplings (i.e
gg and g�), the respective contributions from the op-

erators, (HSM
†HSM )GIµ⌫GI

µ⌫ and (H†
SMHSM )Fµ⌫Fµ⌫ ,

GIµ⌫ and Fµ⌫ being the gluon and the photon field
strength, are sub-dominant, as they are suppressed re-
spectively by y2t /g

2

⇢ and g2/g2⇢ factors [19].

Now let us look at existing constraints and future LHC
reach for the above parameters. The coupling cS/m

2

⇢

above is proportional to the precision electroweak pa-
rameter S. From the constraints on the S-parameter, we
can derive the following constraint on m⇢ [19],

m⇢ & 3 TeV. (13)

Note that the constraint from the T -parameter is more
severe but this is avoided by imposing custodial symme-
try in specific composite Higgs models. There is another
contribution to precision observables due to the fact that
the cancellation of divergences between the Higgs and
gauge boson contributions that takes place in the SM, no
longer occurs for a composite Higgs boson with reduced
couplings to the gauge bosons. This leads to logarithmi-
cally divergent contribution to precision observables [23].
The constraint due to this e↵ect has been evaluated in
Fig.1.14 in Ref. [21] at the 99% CL. At 90% CL the same

R. Gupta, J.Wells, H. 
Rhezhak, arXiv : 1206.3560

7

Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
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by additional new physics that adjusts the S and T parameters

Note that a smaller mixing corresponding to a = 0.95 would be 
allowed by EWPT
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial

that can be formed using two Higgs doublets is given by

Vgen =m2
11Φ†

1Φ1 + m2
22Φ†

2Φ2 −
[

m2
12Φ†

1Φ2 + h.c.
]

+
1

2
λ1

(

Φ†
1Φ1

)2
+

1

2
λ2

(

Φ†
2Φ2

)2
+ λ3

(

Φ†
1Φ1

)(

Φ†
2Φ2

)

+ λ4

(

Φ†
1Φ2

)(

Φ†
2Φ1

)

+

{

1

2
λ5

(

Φ†
1Φ2

)2
+
[

λ6

(

Φ†
1Φ1

)

+ λ7

(

Φ†
2Φ2

)](

Φ†
1Φ2

)

+ h.c.

}

.

(1)

The parameters m2
11,m

2
22 and λ1−4 are real numbers (since the potential has to be real), whereas

the remaining parameters λ5−7 and m2
12 in general can be complex. Non-zero imaginary parts of

the complex parameters which cannot be removed by a rephasing transformation give rise to explicit
CP-violation in the Higgs sector. Since we are not going to treat CP-violating effects here, we assume
all parameters to be real in the following.

Since the potential given by eq. (1) is manifestly U(2)-invariant, values specified for the parameters
{m2

ij ,λi} can only have definite (physical) meaning when a particular basis is specified for the scalar
fields. Alternatively, one may reformulate the 2HDM using a fully basis-invariant language [4] (see
also [7] for a group theoretic analysis of the basis invariance). Since this formalism has so far been
sparingly applied in 2HDM phenomenology, we will maintain the notion of choosing a particular basis.
Expressed in terms of vacuum expectation values (vevs), a generic basis respecting the U(1)EM gauge
symmetry can be written as

〈Φ1〉 =
v√
2

(

0
cos β

)

〈Φ2〉 =
v√
2

(

0
eiξ sin β

)

,

where v = (
√

2GF )−1/2 ≈ 246 GeV. By convention 0 ≤ β ≤ π/2 is chosen. A non-zero phase ξ results
in a vacuum which breaks CP spontaneously. Since we do not aim to discuss CP-violating effects, we
take ξ = 0. Note that the value of tan β ≡ 〈Φ2〉 / 〈Φ1〉 at this point only determines one particular
choice of basis. Since the 2HDM potential is invariant under a change of this basis, tan β can not be
a physical parameter of the model in general. Within the set of CP-conserving bases defined above
there exists a special choice, called the Higgs basis, in which only one of the two doublets is assigned
a non-zero vev.

2.2 Electroweak symmetry breaking

The electroweak SU(2)×U(1) symmetry manifest in eq. (1) is spontaneously broken down to U(1)EM

by a negative eigenvalue of the scalar mass matrix m2
ij, causing at least one of the Higgs doublets to

develop a vev. In a basis where 0 < tan β < ∞, the two minimization conditions

m2
11 = m2

12 tan β −
1

2
v2
(

λ1 cos2 β + (λ3 + λ4 + λ5) sin2 β + 3λ6 sin β cos β + λ7 sin2 β tan β
)

, (2)

m2
22 = m2

12 cot β −
1

2
v2
(

λ2 sin2 β + (λ3 + λ4 + λ5) cos2 β + λ6 cos2 β cot β + 3λ7 sin β cos β
)

(3)

can be used to eliminate m2
11 and m2

22 from eq. (1). Similar equations for the minimum conditions,
not given here, exist for the Higgs basis. Eliminating m2

11 and m2
22 leaves eight real parameters in the

Higgs potential, not counting tan β and v.

2
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial

Obtaining sufficient mixing           
 requires large quartics
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Appendix B: Constraints on our benchmark points

In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 ! hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the e↵ective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e� ! ZH0 with H0 ! hh and e+e� ! A0h
with A0 ! Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.

An upper bound on the mass of the heavier custodial
singlet H0 ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [28]6

m2
H0 . 16⇡v2SM

5(1 � a2)
' (1790 GeV)2, (B1)

where we neglect terms of order m2
h and m2

W compared
to 4⇡v2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 ! hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving o↵-shell
H0 ! hh can have a significant e↵ect on double-Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.

Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [28]

Doublet : m2
H±,A0 . 8⇡v2SMp

3(1 � a2)
' (2150 GeV)2,

GM: m2
H±

3 ,A0
3
. 3⇡v2SMp

3(1 � a2)
' (1320 GeV)2,(B2)

where we again make the approximation 4⇡v2SM �
m2

h, m2
W and take a = 0.9. Here the di↵erent coe�cients

6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [29]. The five-plet contribution
is small for small v�.

for the doublet and GM models come from the di↵erent
SU(2)⇥U(1) quantum numbers of the custodial triplet
states.

We also need to demonstrate that su�cient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.

The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable �–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [30], which take the simple form

S = cos2 ✓ SSM(mh) + sin2 ✓ SSM(mH0), (B3)

where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal to mi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 ✓ . 0.1 at the 90% confi-
dence level [30]. Our benchmark point corresponds to
sin2 ✓ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.

In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [31] with a softly-
broken Z2 symmetry (corresponding to m2

12 6= 0 but
�6 = �7 = 0 in the notation of Ref. [31]) using the pub-
licly available code 2HDMC [32]. We find that obtaining
cos ✓ ⌘ sin(� � ↵) = 0.9 is possible under our mass con-
straints, but requires rather large quartic Higgs couplings
(in particular, �3 and �4 of order 10). This is a con-
sequence of the decoupling property of the 2HDM [31].
These large quartics lead to a large splitting between
the A0 and H± masses, which in turn leads to con-
tributions to the T parameter that push it outside the
allowed experimental range. As in the singlet model,
this can be compensated with additional isospin-violating
new physics.

In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two di↵erent dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial

These quartics lead to a mass splitting between charged scalars 
and the pseudoscalar and therefore to the T parameter

Could be compensated for by isospin-violating new physics
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SU(2)-preserving scalar potential [19],

V =
µ2
2

2
Tr(�†�) +

µ2
3

2
Tr(X†X) + �1[Tr(�†�)]2

+�2Tr(�†�)Tr(X†X) + �3Tr(X†XX†X)

+�4[Tr(X†X)]2 � �5Tr(�†⌧a�⌧ b)Tr(X†taXtb)

+M1Tr(�†⌧a�⌧ b)(X)ab
+M2Tr(X†taXtb)(X)ab, (B4)

where the doublet and triplet fields are written as

� =
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��+⇤ �0

!
, X =
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B@
�0⇤ ⇠+ �++

��+⇤ ⇠0 �+

�++⇤ �⇠+⇤ �0

1

CA .

(B5)
The potential in Eq. (B4) is identical to that studied in
Ref. [33] except for the addition of the last two terms
with coe�cients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X ! �X on the potential [14].

We find that obtaining cos ✓ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
M1 ⇠ �2400 GeV) and non-zero v� (e.g., v� ⇠ 30 GeV)
without requiring any large quartic scalar couplings.
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The potential in Eq. (B4) is identical to that studied in
Ref. [33] except for the addition of the last two terms
with coe�cients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X ! �X on the potential [14].

We find that obtaining cos ✓ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
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without requiring any large quartic scalar couplings.
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The potential in Eq. (B4) is identical to that studied in
Ref. [33] except for the addition of the last two terms
with coe�cients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X ! �X on the potential [14].

We find that obtaining cos ✓ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
M1 ⇠ �2400 GeV) and non-zero v� (e.g., v� ⇠ 30 GeV)
without requiring any large quartic scalar couplings.
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The potential in Eq. (B4) is identical to that studied in
Ref. [33] except for the addition of the last two terms
with coe�cients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X ! �X on the potential [14].

We find that obtaining cos ✓ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
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SU(2)-preserving scalar potential [19],

V =
µ2
2

2
Tr(�†�) +

µ2
3

2
Tr(X†X) + �1[Tr(�†�)]2

+�2Tr(�†�)Tr(X†X) + �3Tr(X†XX†X)

+�4[Tr(X†X)]2 � �5Tr(�†⌧a�⌧ b)Tr(X†taXtb)

+M1Tr(�†⌧a�⌧ b)(X)ab
+M2Tr(X†taXtb)(X)ab, (B4)

where the doublet and triplet fields are written as

� =

 
�0⇤ �+

��+⇤ �0

!
, X =

0

B@
�0⇤ ⇠+ �++

��+⇤ ⇠0 �+

�++⇤ �⇠+⇤ �0

1

CA .

(B5)
The potential in Eq. (B4) is identical to that studied in
Ref. [33] except for the addition of the last two terms
with coe�cients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X ! �X on the potential [14].

We find that obtaining cos ✓ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
M1 ⇠ �2400 GeV) and non-zero v� (e.g., v� ⇠ 30 GeV)
without requiring any large quartic scalar couplings.
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SM + Septet (T=3,Y=4)

• For a = 0.9 and small septet vev we get b = 3.85

• This will be well separated from the 3 BM models

• Even for a = 0.99, the septet yields a sizable b = 
1.3

3

regardless of the vevs of the doublets and their couplings
to fermions.2

A custodial SU(2)-preserving model with triplets: The
Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way as to preserve custodial SU(2) symmetry.3

The model contains two singlets of custodial SU(2):

H0
1 = �, H00

1 =

r
2

3
�0,r +

1p
3
⇠0, (11)

where �0,r is the real neutral component of the complex
triplet and ⇠0 is the neutral component of the real triplet.

We assume that the observed state h is a custodial
SU(2)-preserving mixture of H0

1 and H00
1 ,

h = H0
1 cos ✓ � H00

1 sin ✓. (12)

The couplings bV of h are given by,4

bW = bZ ⌘ b = cos2 ✓ +
8

3
sin2 ✓. (13)

If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,

bW = bZ = a2 +
8

3
(1 � a2). (14)

This assumption is problematic in that the mixing angle
✓ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is su�ciently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.

2 The most common formulation of two-Higgs-doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.

3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering b�W = b�Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.

4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos2 ✓ + 4 sin2 ✓ and bZ = cos2 ✓; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos2 ✓ + 2 sin2 ✓ and
bZ = cos2 ✓ + 4 sin2 ✓. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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FIG. 1. Feynman diagrams for e+e� ! Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e� ! ⌫⌫̄hh via W boson
fusion. We include the crossed version of diagram (a).

III. MEASURING THE hhV V COUPLING

We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single-Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e� ! Zh cross section, yielding
�a/a = 1.3% after 250 fb�1 [2], i.e., a deviation from
a = 1 with significance 7.8�.

A. Double Higgs production at ILC

Double Higgs production in e+e� collisions proceeds
through the processes e+e� ! Zhh and e+e� ! ⌫e⌫̄ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e� ! e+e�hh,
is much smaller than that from WBF and we neglect it
here.

We computed the double Higgs cross sections in the
e↵ective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ⌘ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double-Higgs produc-
tion cross sections. We consider e+e� ! Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at

4

Model b ��/�(Zhh, 500 GeV) ��/�(⌫⌫hh, 1 TeV)

Singlet 0.81 38% 32%

Doublet 1 32% 42%

GM 1.32 24% 18%

SM 1 27% 23%

TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [7]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the di↵erent a
and b values. An integrated luminosity of 2 ab�1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e�, e+) = (�0.8,+0.3) at 500 GeV and
(�0.8,+0.2) at 1 TeV.
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FIG. 3. 68% and 95% confidence regions (�2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.

C. Mhh as a kinematic discriminant

The ILD collaboration is exploring a method to im-
prove the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh

of the Higgs pair [21]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [7].

This method could be adapted to improve the simul-
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FIG. 4. Di↵erential cross section as a function of Mhh for
e+e� ! Zhh in the SM at 500 GeV. The four curves cor-
respond to contributions from di↵erent sets of diagrams in
Fig. 1.

taneous sensitivity to d and b because the values of these
couplings a↵ect the shape of the cross section in Mhh as
well as the total rate. This shape is illustrated in Figs. 4
and 5.

In Fig. 4 we plot the SM cross section for e+e� ! Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.

In Fig. 5 we plot the cross section for WBF e+e� !
⌫⌫̄hh at 1 TeV as a function of Mhh for the SM and
our three benchmark model points. Notice in particu-
lar that our three benchmark models all have a = 0.9,
d = 1, and di↵er only in their b values. The b value has
a dramatic e↵ect on the Mhh spectrum, due in part to
interference e↵ects among the three diagrams in Fig. 2.
Diagrams (b) and (c) interfere constructively, leading to
the enhancement in the di↵erential cross section at low
Mhh for higher b values (compare the distributions for
the GM and doublet models to that for the singlet model
in Fig. 5). Diagrams (a) and (b) interfere destructively,
leading to the flattening of the spectrum at intermediate
Mhh for higher b values (compare the distribution for the
doublet model to that for the singlet model in Fig. 5).

D. Synergy with LHC

The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC. In
addition to d, the cross section depends on the top quark
Yukawa coupling and can also receive contributions from
new colored particles that run in the gluon-fusion loop
(new contributions to the gg ! hh box diagram can be
especially large). In particular, double Higgs production
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Broken Custodial SU(2)

• If custodial SU(2) is broken then 

• Two measurements will not be sufficient to 
measure bW, bZ and d

• Additional information from kinematic 
discriminants and/or the LHC will be needed

5
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FIG. 5. Di↵erential cross section as a function of Mhh for
the WBF process e+e� ! ⌫⌫̄hh at 1 TeV. Shown are the
distribution for the SM and our three benchmark points.

at the LHC is insensitive to the hhV V coupling, and can
thus be used to independently constrain d.

A recent phenomenological analysis [22] found that d
could be constrained to be positive at 95% confidence
level using 600 fb�1 at the 14 TeV LHC; with 3000 fb�1

the 1� uncertainties are reduced to +30% and �20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would allow simultaneous constraints to be
placed on b, d, and new colored particles.

IV. CONCLUSIONS

In this paper we argued that a direct measurement of
the hhV V coupling will be of great interest if measure-
ments of the couplings of a single Higgs to SM particles
reveals a deviation from the SM expectation. This cou-
pling can be accessed through double Higgs production in
e+e� collisions. Separating the hhV V coupling from the
triple-Higgs coupling requires rate measurements at two
di↵erent center-of-mass energies. Additional sensitivity
could be obtained by using the two-Higgs invariant mass
as a discriminant. Furthermore, LHC measurements of
double Higgs production in gluon fusion are insensitive
to the hhV V coupling and can be used to independently
constrain the triple-Higgs coupling.

Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs
do not contribute to electroweak symmetry breaking and
preserve the custodial SU(2) symmetry. These assump-
tions are violated by a number of well-motivated mod-
els. New scalar(s) that contribute significantly to elec-
troweak symmetry breaking yield a 6= c, which can be
tested using high-precision measurements of single Higgs
couplings at the ILC. New scalar(s) that violate custo-
dial SU(2) symmetry, such as the complex triplet in the
type-2 seesaw mechanism for neutrino masses [23], yield
bW 6= bZ . In this case, two rate measurements are insu�-
cient to simultaneously extract bW , bZ , and d, and addi-
tional information from kinematic discriminants and/or

LHC measurements would be needed.
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Appendix A

*** discussion of the extra multiplet’s contribution to
the W mass being zero

Appendix B

*** discussion of the three models and viability of our
benchmark points
[*** model-building question: can we get a

large enough mixing with small vev in the GM
or neutrino seesaw triplet model? ***]

In the doublet and GM models, a full calculation would
include contributions from t- and u-channel exchange of
the custodial SU(2) triplet states (H±, A0), as well as
processes involving single production of the heavier cus-
todial singlet with H0 ! hh. In fact, the former is re-
quired in order to restore perturbative unitarity of the
VLVL ! hh amplitude at high energies when b � a2 6= 0
(here VL denotes a longitudinally-polarized W or Z bo-
son). Assuming custodial SU(2) symmetry, this require-
ment puts an upper bound on the custodial triplet masses
of [17]

Doublet : m2
H±,A0 . 8⇡v2p

3(1 � a2)
' (2150 GeV)2,

GM : m2
H±

3 ,A0
3
. 3⇡v2p

3(1 � a2)
' (1320 GeV)2,(B1)

where we make the approximation 4⇡v2 � m2
h, m2

W .
An upper bound on the mass of the heavier custodial

singlet H ⌘ � sin ✓ + � cos ✓ can be obtained from the
perturbative unitarity of VLVL ! VLVL scattering, which
for a = 0.9 yields [17]

m2
H . 8⇡v2

3(1 � a2)
' (1630 GeV)2, (B2)

where again we neglect terms of order m2
h, m2

W compared
to 4⇡v2. Perturbative unitarity constraints thus do not
prevent us from assuming that resonant H ! hh con-
tributions are beyond the kinematic reach of the 1 TeV
ILC, and we neglect its contributions as well.
[*** Electroweak constraints on a mixed-in sin-

glet in Ref. [18] give a 90% CL upper bound on
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Conclusions

• If Higgs couplings show deviations from the SM 
expectation a direct measurement of the hhVV 
would be important to determine EW quantum 
numbers of the other scalar

• This measurement is extremely difficult at the 
LHC

• At the ILC it is accessible via di-Higgs production

• di-Higgs production has mainly been studied as a 
handle on the triple-Higgs coupling  
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Conclusions

• The hhVV can be separated from the hhh coupling 
with rate measurements at two different centre of 
mass energies

• In addition LHC measurements can constrain the 
hhh independently
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BACKUP   SLIDES
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Unitarity limits

The cross section in each partial wave is limited

M = 16⇡
X

J

(2J + 1)aJPJ(cos ✓)

Since this is a result of the unitarity of the S-matrix the bounds 
on the partial wave amplitudes are called unitarity limits

|Re(aJ)| 
1

2

The amplitude for a scattering process can be written in terms 
of partial wave amplitudes of definite angular momentum

Re(aJ)

Im(aJ)
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di-Higgs from VBF

The cross sections at the LHC

The total cross sections for the pair production of Higgs bosons in the three processes are

shown in Fig. 3.40 as a function of the Higgs mass in the range MZ <∼ MH <∼ 2MZ . In

the gg case, the full dependence on the quark mass has been taken into account and the

K ∼ 1.9 factor has been included. Note that the NLO QCD corrections to the double Higgs

production in association with a vector boson and in the vector boson fusion channels, are

the same as the respective processes for single Higgs production and will increase the cross

sections by, respectively, ∼ 30% and ∼ 10%; they have not been included.

As expected, gluon–gluon fusion dominates over the other mechanisms and has a cross

section larger than 10 fb for this Higgs mass range. The WW/ZZ fusion mechanisms are the

next important channels, but with cross sections which are one order of magnitude smaller;

WW fusion dominates over ZZ fusion at a ratio WW/ZZ ≈ 2.3. The cross sections for

double Higgs–strahlung are relatively small as it follows from the scaling behavior of the

cross sections which drop ∼ 1/ŝ. The cross sections for Higgs–strahlung off W and Z bosons

are combined in the figure and their their relative size is close to W/Z ≈ 1.6.

The vertical arrows indicate the sensitivity of the production cross sections to the size of

the trilinear Higgs coupling; they correspond to a modification of the coupling λ′HHH by the

rescaling coefficient κ = 1
2 → 3

2 .

90 100 120 140 160 180 190
0.1

1

10

100

MH[GeV]

SM: pp → HH +X
LHC: σ [fb]

WHH+ZHH

WW+ZZ → HH

gg → HH

WHH:ZHH ≈ 1.6
WW:ZZ ≈ 2.3

Figure 3.40: The cross sections for gluon fusion, gg → HH, the WW/ZZ fusion qq →
qqWW/ZZ → HH and the double Higgs–strahlung qq̄ → WHH + ZHH in the SM as a
function of MH . The vertical arrows correspond to a variation of the trilinear Higgs coupling
from 1

2 to 3
2 of the SM value, λ′HHH = 3M2

H/M2
Z; from Ref. [254].
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Major Processes 

Energy Reaction Physics Goal Polarization

91 GeV e+e� ! Z ultra-precision electroweak A
160 GeV e+e� ! WW ultra-precision W mass H
250 GeV e+e� ! Zh precision Higgs couplings H

350–400 GeV e+e� ! tt top quark mass and couplings A
e+e� ! WW precision W couplings H
e+e� ! ⌫⌫h precision Higgs couplings L

500 GeV e+e� ! ff precision search for Z 0 A
e+e� ! tth Higgs coupling to top H
e+e� ! Zhh Higgs self-coupling H
e+e� ! �̃�̃ search for supersymmetry B

e+e� ! AH, H+H� search for extended Higgs states B
700–1000 GeV e+e� ! ⌫⌫hh Higgs self-coupling L

e+e� ! ⌫⌫V V composite Higgs sector L
e+e� ! ⌫⌫tt composite Higgs and top L
e+e� ! t̃t̃⇤ search for supersymmetry B

Table 1: Major physics processes to be studied by the ILC at various energies. The table
indicates the various Standard Model reactions that will be accessed at increasing collider
energies, and the major physics goals of the study of these reactions. A reaction listed at
a given energy will of course be studied at all higher energies. The last column gives the
motivation for the use of polarized beams. Polarization is always an important component
of the ILC program, but for di↵erent reasons in di↵erent reactions. The codes A, H, L,
and B are explained in the text.

energy. Increasing the length of the machine of course requires the purchase of more
components, but in principle a linear collider can also be lengthened to smoothly raise
its maximum collision energy if physics discoveries call for this.

This flexibility has let the designers of the ILC to envision an experimental pro-
grams at series of energies well adapted to individual physics goals. In Table 1, we
list possible center of mass energies at which the ILC could be run. These encompass
the following:

• 91 GeV and 160 GeV: These energies correspond to the Z resonance and the
threshold for e+e� ! W+W�. The ILC is capable of achieving a luminosity
much higher than that of the LEP program of the 1990’s. This motivates
a Giga-Z program, to improve the precision electroweak measurements of Z
asymmetries and couplings by an order of magnitude, and a Mega-W program
to measure the W mass with MeV precision.

13
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General issue: sensitivity to the cross section

42

effect of irreducible diagrams
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weighting method to enhance the coupling sensitivity

d�

dx
= B(x) + �I(x) + �

2
S(x)

irreducible interference self-coupling

�w =

Z
d�

dx
w(x)dx

 observable: weighted cross-section

43
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equation of the optimal w(x):

�(x)w0(x)

Z
(I(x) + 2S(x))w0(x)dx = (I(x) + 2S(x))

Z
�(x)w2

0(x)dx

general solution:

w0(x) = c · I(x) + 2S(x)

�(x)

c:  arbitrary normalization factor
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Expected Generated pre-selction cut1 cut2 cut3 cut4

$$hh (WW F) 272 1.05×105 127 107 77.2 47.6 35.7

$$hh (ZHH) 74.0 2.85×105 32.7 19.7 6.68 4.88 3.88

$$bbbb 650 2.87×105 553 505 146 6.21 4.62

$$ccbb 1070 1.76×105 269 242 63.3 2.69 0.19

yyxyyx 3.74×105 1.64×106 18951 4422 38.5 26.7 1.83

yyxye$ 1.50×105 6.21×105 812 424 44.4 11.0 0.73

yyxyl$ 2.57×105 1.17×106 13457 4975 202 84.5 4.86

$$ZH 3125 7.56×104 522 467 257 30.6 17.6

BG 7.86×105 34597 11054 758 167 33.7

significance 0.30 0.68 1.01 2.67 3.25 4.29

signal and backgrounds (reduction table)

24

Polarization: (e-,e+)=(-0.8,+0.2) Ecm = 1 TeV,MH = 120 GeV

Z
L = 2 ab�1

��

�
⇡ 23%

H

H

H

e+

e< i

i<

ILD DBD Study (Junping Tian)

��

�
⇡ 20% ! 18% with weighting 

Higgs Self-coupling: ILC 1TeV: Full Sim.
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backgroundsdifficulties

irreducible SM diagrams, significantly degrade the coupling sensitivity.

very small cross section (!!""~0.22 fb with PL) and we are only using 
~40% of the signal (both H-->bb). large integrated luminosity needed. 
(high beam polarization helps a lot)

huge SM background (tt/WWZ, ZZ/Z", ZZZ/ZZH), 3-4 orders higher.

15

fundamental:

technical:
Higgs mass reconstruction: mis-clustering, missing neutrinos, wrong pairing.

flavor tagging and isolated-lepton selection: need very high efficiency and purity.

neural-net training: separate neural-nets, huge statistics needed.

ILD DBD Study (Junping Tian)

developments since LoI time
LCFIPlus: Vertexing before jet-clustering --> flavor tagging much improved

Improved data selection (neural-net optimization)

Event weighting to enhance the signal diagram

15
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Expected by background only

Expected by signal + background

Observed

Expected by background only

Expected by signal + background

Observed

DBD analysis at 500 GeV (combined)
e+ + e� � ZHH

ZHH � (ll̄)(bb̄)(bb̄)ZHH � (ll̄)(bb̄)(bb̄)

ZHH � (��̄)(bb̄)(bb̄)

ZHH � (qq̄)(bb̄)(bb̄)ZHH � (qq̄)(bb̄)(bb̄)

Energy (GeV) Modes signal background
significancesignificance

Energy (GeV) Modes signal background excess
 (I)

measurement
(II)

500
3.7 4.3 1.5# 1.1#

500
4.5 6.0 1.5# 1.2#

500 8.5 7.9 2.5# 2.1#

500
13.6 30.7 2.2# 2.0#

500
18.8 90.6 1.9# 1.8#

P(e-,e+)=(-0.8,0.3) M(H) = 120GeV

Z
Ldt = 2ab�1

17

preliminary

Hypothesis test

ZHH excess significance: 5.0#

with weighting, it would be: 
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Z
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ILD DBD Study (Junping Tian)

(cf. 80% for qqbbbb 
at the LoI time)
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